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FOREWORD
This is the Phase I engineering report, covering studies toward the best techniques for
desigTn of a frequency stabilized laser prepared under NASA Contract No. NAS8-20631. This
report was prepared by the Electronic Systems Division of Sylvania Electric Products Inc.,
Mountain View, California and describes work performed in the Optics Department of the
Advanced Technology Laboratory. Mr. Richard Reynolds is the principal investigator in
this program.
All the work in this report was administered under the Astrionics Laboratory, NASA
George C. Marshall Space Flight Center, Huntsville, Alabama. Dr. J. R. Randall is the
principal technical representative for the laboratory.
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ABSTRACT
This report covers the work performed on a
study effort to establish the best techniques for attain-
ing a 1:1010frequency-stabilized CO2 laser. The
report discusses several electronic and mechanical
stabilization schemes, control loop techniques, wave-
length and mode control techniques, and general laser
construction and operation approaches. It appears
that a technique which stabilizes the CO2 laser
frequency to an external CO2 amplifier is capable of
providing the required frequency stability.
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Section 1
INTRODUCTION
This Phase Report covers the work performed on the first phase of a two-phase program.
The objectives of the program are to undertake a study and investigation directed toward dis-
closure of the most economical, practical, and feasible method of accomplishing the design,
fabrication, testing, and demonstration of a frequency stabilized CO 2 gas laser. This report
covers the study and investigation phase of the program.
The specific objectives of the program are to develop CO 2 laser fabrication and stabili-
zation techniques which would be capable of providing a CO 2 laser stabilized in frequency to
1 part in 1010 for an indefinite period of time in a normal laboratory environment. This
figure is for both long- and short-term stabilities. The laser output power shall be as high
as possible consistent with the stabilization requirements and shall occur in a single
frequency.
Most of the laser stabilization techniques which have been used in the past were reviewed
for possible use with the CO 2 laser. Most schemes were not found to be applicable to the
CO 2 laser, and the schemes which were applicable would not meet the requirements. For-
tunately, a new scheme was devised for use with the CO 2 laser which can satisfy, at a mini-
mum, the requirements set forth on the laser. This scheme is discussed at length in the
body of this report.
Also, techniques for mechanically stabilizing the structure so as to reduce the problems
inherent with ambient vibrations and thermal drift are discussed. Preferred laser construc-
tion techniques, mode and wavelength control techniques peculiar to the CO 2 laser are dis-
cussed at length.
Control loop techniques are also discussed and some examples of the expected perform-
ance of the stabilization system are presented based on the expected performance of typical
components.
Section 2.0 offers background material on the characteristics of molecular lasers di-
rectly applicable to the present problems; Section 3 surveys many of the available stabiliza-
tion techniques and Section 4 discusses in detail the technique chosen for this program with
estimates on its sensitivity; Section 5 reviews control loop problems associated with laser
stabilization; Section 6 discusses laser wavelength and mode control techniques applicable
to the CO 2 laser; Section 7 describes several laser tube excitation and design techniques;
1-1
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i. (Continued)
Section 8 analyzes mechanical stabilization techniques; Section 9 contains the concluding re-
marks and recommendations; Section i0 indicates our plans for the next period, and Section
Ii contains the references. An appendix with a Molecular Laser Bibliography is included for
completeness.
For ease of reading, each major section has a set of summary paragraphs at the end of
the section so that the essence of the section can be obtained quickly.
J
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Section 2
BACKGROUNDDISCUSSION
2.1 GENERAL
The purpose of this section is to establish, in a coherent fashion and in one convenient
location, a summary of molecular laser characteristics, the understanding of which is
necessary for the complete evaluation of the limitations of the CO 2 laser and amplifier.
Paragraph 2.2 describes the energy levels associated with infrared laser action and dis-
cusses the nomenclature used in describing these levels for the case of the CO 2 molecule.
The vibrational and rotational level schemes are discussed, and the qualifications required
for transitions between levels explained. It is not necessary to study this section to fully
understand the stabilization techniques proposed later.
Paragraphs 2.3 and 2.4 summarize the practical characteristics of the CO 2 laser and
cover the areas of inherent frequency shifts in the CO 2 laser line. For convenience, this
section may be bypassed until later study is warranted; however, thorough understanding of
this material is necessary for complete understanding of the limitations and peculiarities
of the CO 2 laser as applied to the proposed program.
2.2 MOLECULAR LASER CHARACTERISTICS
2.2.1 Molecular Laser Energy Levels
Perhaps the most striking advance in gas laser technology to date has been the discovery
of laser action at middle infrared wavelengths on the vibrational-rotational transitions of
molecules, with the CO 2 molecule as the currently most important example.
To understand the energy levels on which molecular lasers operate, consider the sche-
matic representation of a typical molecule, CO2, as shown in Figure 2-1. The quantum
states and energy levels of such a molecule originate from three main sources:
2-1
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2.2. i (Continued)
ATOMIC ELECTRON
NUCLEI CHARGECLOUD
Figure 2-1. Pictorial Representation of a CO 2 Molecule
a. Electronic motions
The electronic charge cloud surrounding the fixed atomic nuclei can be represented
by a quantum mechanical wave function, which has certain allowed energy states
and associated wave ftmctions, just as does the electronic charge cloud surrounding
the nucleus in a single atom. These different electronic energy states are rather
widely separated in energy, so that transitions betwcen different electronic energy
levels correspond to transition frequencies (generally in the visible and UV portions
of the spectrum). The visible and UV laser action observed in various molecules in
pulsed discharges comes from transitions involving electronic energy changes.
b. Vibrational motions
The atomic nuclei embedded in the electronic charge cloud are held in their rest
positions by the molecular binding forces. However, the nuclei can vibrate about
their equilibrium positions, more or less independently of the electronic quantum
state of the electronic charge cloud. These vibrational frequencies are typically
in the near and middle IR range. Of course, these vibrations must be quantized
also, leading to vibrational energy levels. Thus, each widely spaced electronic
level is actually split into a series of more closely spaced vibrational levels that
indicate the state of vibrational motion of the molecule.
2-2
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Appendix C
GaAs PHASEOR FREQUENCYMODULATOR
Oneelectro-optic material knownto be useful at 10.6 pm is gallium arsenide, GaAs.
The peak phase delay 5 for radiation transversing a GaAs crystal polarized along one of
the birefringent axes is given by
3
_r n^ r _V
U 41
where n o is the index of refraction; r41 , the electro-optic coefficient; 4, the modulator
length; V, the applied voltage; k, the laser wavelength; and d , the modulator width.
The electro-optic coefficient for GaAs in the range 1.0 - 1.7 pm is given by Ho and
Buhrer* as
3
n o r41 _ 6 x 10 -6 cm/kv
More recent data at 10.6 pm (RCA Laboratories, unpublished) indicates that
r41 _ 10 -7 cm/kv
3
n O r41 _ 3 x 10 -6 cm/kv (n O _ 3.1)
The latter value is probably more relevant to our problem.
Suppose that we use a modulator of length _ which is double-passed (by placing a
mirror at one end of the modulator), the total retardation will then be
3
2 _r n O r41 4_V
),d
Putting in numerical values yields,
5 _ 0.02 x_--x V(kV)
L. Ho and C. F. Buhrer, "Electro-Optic Effect of Gallium Arsenide,
647 (June 1963).
" Applied Optics 2,
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C. (Continued)
(length over width) ratio can probably be made equal to 20, allowing a modulationThe _/d
index of
-_ 1 radian per 2.5 kV
For a peak modulation index of, say, 1 radian we require the large but not impossible
modulation voltage of 2.5 kV peak. (Ho and Buhrer, in fact, used 2 kV peak voltages at
1 MHz across a 4 mm square bar in their measurements on GaAs.)
C-2
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2.2.1 (Continued)
c. Rotational motions
Finally, while all of these electronic and vibrational motions are going on, the
molecule, as a whole, can also be slowly rotating about various axes in space, at
rotation rates characteristic of far infrared frequencies. These rotational motions,
by quantum rules, must have quantized angular momentum and hence quantized
energy levels, with a relatively small energy spacing. Hence, each electronic-
vibrational level is further subdivided into numerous closely spaced rotational levels.
The sketch of Figure 2-2 indicates diagrammatically this general energy level scheme.
When one considers all of the multiple oscillations, vibrations, and rotations of a complex
polyatomic molecule, one sees that the overall energy spectrum can become exceedingly
complex. *
DIFFERENT
ELECTRONIC
ENERGY LEVELS
ROTATIONAL
SUBLEVELS
OF A G IVEN
V IBRATIONAL
LEVEL
/ VIBRATIONAL
-d LEVELS OFA
GIVEN ELECTRONIC LEVEL
Figure 2-2. General Structure of Molecular Energy Levels
If one goes one step further and includes nuclear spin effects, one adds even another stage
of hyperfine splitting. Fortunately, we can neglect this in the cases of interest to us.
2-3
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2.2.2 Vibrational-Rotational Laser Action in Molecules
The type of vibrational-rotational molecular laser action of interest to us generally
follows the steps shown in Figure 2-3. The molecule is initially excited or pumped in the
discharge from its ground level up to (very) many of its higher electronic levels. From
these levels, the molecules relax or trickle down into various of the vibrational-rotational
levels of the ground electronic state. Depending on the details of relaxation rates and life-
times, population inversion between various vibrational-rotational levels in the ground
electronic state will ensue and make laser action possible, as shown in Figure 2-3.
J
PUMPING
I
I
t/:
I •
•..".;......;-.... !
• • • • • •11 V
LASER
• "" RELAXATION
f/// "• •
RELAXATION
Figure 2-3. General Features of Molecular Laser Action on
Vibr ational-Rotational Transitions
Not indicated in the figure is the fact that other molecules in the discharge may also
assist the laser action. In general, different molecules in the discharge will collide, and
exchange energy in the process, especially if two transitions in the different molecules have
nearly the same transition frequency. For instance, another molecule of type B may be
more easily excited to high energy levels by the discharge than are the laser molecules of
type A. Excited B molecules will then collide with ground state A molecules and give energy
to them, thereby providing an indirect pumping mechanism for the laser. Type B molecules
2-4
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2.2.2 (Continued)
may also help to empty out the lower laser level in type A laser molecules, by taking away
energy and thus assisting the A molecule to get back to its ground state. In general, the
situation seems to be that the presence of other molecules very often greatly enhances mo-
lecular laser action; e.g., the CO 2 laser is enhanced by the simultaneous presence of He,
N 2, H20, and probably other gases.
2.2.3 Vibrational-Rotational Levels of the CO 2 Molecule
2.2.3.1 Vibrational Motions
The CO 2 molecule is an excellent molecule to examine in detail because it is compli-
cated enough to be interesting and yet simple enough to be understood. As illustrated in
Figure 2-1, the CO 2 molecule is a symmetric, linear molecule. * We will not attempt any
discussion of its electronic states, but will turn immediately to the vibrational-rotational
states of the ground electronic level.
The CO 2 molecule has three possible elementary modes of vibrational motion, as
indicated in Figure 2-4. Note that the first of these, _1' is a purely symmetric motion that
has no net electric dipole moment. Hence, this motion (and associated transitions) will not
couple directly to electromagnetic radiation, although this motion will appear strongly in
Raman scattering. The _2 motion can occur equally in two directions perpendicular to the
molecular axis, and hence there is a twofold degeneracy associated with _2" The quantum
number, n2, gives the total transverse vibration, while a second quantum number, _ < n2,
then indicates the net angular momentum about the molecular axis that is associated with
the _2 vibrational motion.
Each of these vibrations is like a simple harmonic oscillator, and the overall energy
of the molecule can be viewed as consisting of some integer number of quanta of energy hv
at each of these frequencies. The vibrational quantum states are thus labelled by an overall
quantum label which is written in the form
In , n24, n3]
In technical terms, its point group symmetry is D h" The D means "dihedral," i. e.,
there are (an infinite number of) twofold symmetr_'_xes passing through the middle of the
molecule perpendicular to the molecule's axis of symmetry. The _ means essentially
infinite-fold symmetry about the symmetry axis, and the h means there is a "horizontal"
plane of symmetry through the middle of the molecule perpendicular to the symmetry axis.
2-5
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2.2.3.1 (Continued)
I I I
- - _ I -9 - -I----ID-
I I I
I
V
1 _ 1337cm-I
SYMMETRIC
NO ELECTR I C
n1 DIPOLEMOMENT RAMAN
__ ACTIVE
QUANTNO. n1
UNSYMMETRIC
2 _667cm-I n2,_ DIPOLEMOMENT IRI/ ACTIVE
TWOFOLD DEGENERACY
I I
- -I- - - _ UNSYMMETRIC
t I
3 _ 2349 cm -1 n3 --® 'I LARGEDIPOLE
t MOMENTI
I
TOTALQUANTUMNUMBER:
nI,n21, n3 }
STRONGLY
IRACTIVE
Figure 2-4. Vibrational Motions of the CO 2 Molecule
4
The energy associated with an (nl, n 2 , n3) vibrational state is then given to first order by
L 1 1 l) h_)3Evibr(nln 2 n3 state) = (nI +_)h91 + (n2 +_)h_ 2 + (n3 +
The 1/2 factors represent zero-point energies, as in the usual quantized simple harmonic
oscillator.
For example, Figure 2-5 shows some of the important lowest vibrational levels of the
CO 2 molecule, together with the strong laser lines of CO 2. The meaning of the vibrational
(00°1), and so forth, notation now becomes clear.
One fine point in the CO 2 spectrum is that, essentially by accident, _I _ 2u2" Hence
the (100) and (020) levels are nearly degenerate. As a result, there is a quantum-mechanical
"coupling" of these levels that tends to split them apart or repel them. A check will show
that the (10°0) and (02°0) levels in Figure 2-5 are not exactly at _1 and at 2_2; but the mean
value of the two energies does come at _ _1 _ 2u2"
2-6
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2.2.3.1 (Continued)
(lO°O)
Figure 2-5. Some Vibrational Energy Levels of the CO 2 Molecule
In general, more refined values of the vibrational energy levels, especially for higher
overtones of Vl' v2' and v 3, are given by more complicated expressions of the form
vibr(nln24n3 ) 3 1 1)E : _ hv i (n i+2 ) + _ xij (n i + +i=l i, j (nj 1)
The first additional sum, containing the xij terms and double products of (n i + 1/2), represents
the effects of small anharmonicity or nonlinearity in the restoring forces of the molecular
vibrations. The second additional sum represents the fact that levels of the same n 1, n 2, n 3
but different L values will, in general, be split slightly in energy. These topics are of
great importance to spectroscopists, but are not of great importance to us here.
2-7
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2.2.3.2 Rotational Motions
The CO 2 molecule is a rigid rotor that can rotate about any axis normal to the molecular
symmetry axis. From the quantum theory of rotation and angular momentum, the energy
levels of the rotational motions are given, at least to first order, by
Erot(J ) = BJ(J + 1), J = 0, 1, 2 .....
where J is the angular momentum or rotational quantum number.
Refinements to this picture occur when one takes into account that the molecule will
stretch, and hence its moment of inertia will change slightly, when it rotates faster. This
can be included by writing
Erot(J ) = BJ(J + 1) - Dj2(j+ 1)2
The correction due to D is usually fairly small, and we will not discuss it in detail.
In addition, the coefficients B and D depend slightly on which vibrational level the
molecule is in. This is taken into account by writing
4 j2(j + 1)2Erot(nl, n 2 , n 3, J) = BvJ(J + 1) - DV
where v is shorthand for the vibrational quantum numbers (n 1, n 2 , n3).
Herzber gl* gives for the CO 2 molecule
For instance,
-1
B00o 0 = 0.3937 cm
-1
B00o 1 = 0.3866 cm
-1
B10o 0 = 0.3897 cm
-1
B02o 0 = 0.3899 cm
See List of References, Section 11.
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2.2.3.3 (Continued)
5
5
4
3
2
l
J'-0
(a)
Q-BRANCH
R-BRANCH
//f \\\
V o
FREQUENCY
Figure 2-6. Vibrational-Rotational Transitions-P, Q, and R Branches
Carbon dioxide follows the above description, with some important exceptions. Because
CO 2 is an exactly symmetrical molecule, and is without nuclear spin, the Q-branch or J = 0
transitions are absolutely forbidden by symmetry restrictions. Also, J to J _- 1 transitions
within a single vibrational state are absolutely forbidden in CO 2 energy level diagram of
Figure 2-7, in which the dashed lines indicate radiative transitions that are allowed by
electric dipole considerations. The E + and 17 notations have to do with the electronic-
vibrational state of the molecule, and the subscripts g and u indicate whether the vibrational
state is symmetric or antisymmetric with respect to vibrational motion.
Consider a molecule initially in an even J rotational level of the ground state. Inspection
will show that by making allowed P- or R-branch transitions to other vibrational levels, this
molecule can only get to odd J levels in the u states, or to even J levels in any g states.
2-10
2.2.3.2 (Continued)
We will see later that the observed lines in a vibrational-rotational spectrum are almost,
but not quite, equally spaced. The difference in B values accounts in part for the nonequal
v
spacing, together with the Dv correction term.
2.2.3.3 Combined Vibrational-Rotational Levels
Consider two different vibrational levels of a molecule, with their associated rotational
sublevels as shown in Figure 2-6(a). In general, transitions from the rotational sublevels
of one vibrational level to the rotational sublevels of another are governed by selection rules
as to the allowed change in J; and these transitions are classified into "branches" by the
change in J as follows:
Transitions from
P-branch:
Q-branch:
v,J(upper) to v',J'(lower)
J' =J+ 1 P(J')
J' = J Q(J')
R-branch: J' =J- 1 RiJ')
The associated transition frequencies are given by
h_)
= Ev(J) - Ev,(J')
= JEw(0) + BvJ(J+ 1) I
= Ev,(0)[ +
If we call the frequency (l/h) IEv(0) - Ev,(0) l the band center frequency _0' then the transi-
i
tion frequencies can be written
_0 - (2B/h)J P(J + I)
_0 Q
_0 + (2B/h)J R(J- i)
Thus, the Q branch is concentrated exactly at the band center, while the P and R branches
form a series of lines evenly spaced (to first order) below and above the band center fre-
quency. Figure 2-6(b) shows the typical appearance of a vibrational-rotational absorption or
spontaneous emission with the P, Q, and R branches.
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2.2.3.3 (Continued)
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Figure 2-7. Low-Lying CO 2 Energy Levels in Greater Detail
Similarly, any molecules initially in ground state at odd J levels will always go to even J
levels in u states or odd J levels in g states. Thus, we might divide all CO 2 molecules
into two classes, depending upon whether they could reach even or odd J levels in a g state.
So highly forbidden (by parity conservation) are all transitions connecting these classes that
the two classes (if both do exist) will remain separated for all time. *
In fact, the experimental evidence plainly shows that only the "even J in g states" class of
CO 2 molecules seems to be in existence. This is certainly to be expected because of the fact that
the two oxygen atoms are spinless, symmetrically located, indistinguishable particles. From
concepts of symmetry, interchange of two indistinguishable particles must either leave the wave
function of a system totally unchanged or must change the sign of the wave functions. If the former
holds true, the particle is called aboson, and the system obeys Bose-EinsteIn statistics. Ifthelat-
ter case (i. e., sign change) applies, the particles are called fermions, and the system obeys Fermi-
Dirac statistics. ** If CO 2 molecules did exist in "odd J in g state" or "even J in u state" levels,
these CO 2 molecules would be Fermi-Dirac particles, which would give them very'odd properties.
,
Another example of this same concept is the existence of ortho- and para-hydrogen, except
that the ortho-to-para conversion process is there not so highly forbidden because of the
existence of nuclear spins.
**
See Dicke and Wittke, Introduction to Quantum Mechanics, Addison-Wesley; Chapter 17.
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2.2.3.3 (Continued)
We conclude, therefore, that all CO 2 g states have rotational levels with even J values
only, while all u states have odd J values only. Only even J' values appear in CO 2 P- and
R-branch spectra; and no Q-branches ever appear. *
2.3
CO 2
CO 2 LASER CHARACTERISTICS
As already noted, high-power, single-frequency CW laser action is readily obtained in
on the following transitions:
00°1 - 10°0 _10.6_ P(even), R(even)
00°1 - 02°0 _ 9.6g P(even), R(even)
The general features of this laser action have been described extensively in the literature,
by Patel (2, 4, 5, 7) and others. (3, 6, 8, 9) Hence, we will not try to repeat all of the laser
characteristics here, but will concentrate on those that are especially relevant to our prime
concern - frequency stability.
2.3.1 Basic CO 2 Laser Characteristics
We will skip over many questions such as optimum pressures, gas fills, and so forth.
These are obviously important, but at the same time they are not critical to first order and
will be considered only when they are directly relevant to frequency stabilization.
Figure 2-8 indicates two vibrational levels, each with a total population Nv and Nvv, and
with Boltzmann distributions over the rotational sublevels in each vibrational band. Thermal-
ization of populations by relaxation is known to take place rapidly among the rotational sub-
levels, so that the Boltzmann distribution with a temperature Tro t is appropriate. In mild
discharges such as are used in molecular lasers, Tro t should not be far from the overall
molecular temperature, and this should be considerably influenced by the wall temperature.
Figure 2-8 is presented chiefly to show that even with no total population inversion be-
tween NV and Nv, (Nv, < Nv), and hence with a positive vibrational temperature Tvibr,
there can still be net population inversion between a v, J level and a v v, jr = j + 1 level,
*It is interesting to note that a mixed-isotope CO9 molecule , e.g., O16CO 18, is not quite
perfectly symmetric; hence the intervening J v_lues do reappear.
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Figure 2-8. Illustrating that High Gain is More Probable on
P- Branch than on R- Branch Transitions
essentially because the J' level is higher up the Boltzmann curve. Hence, P-branch oscil-
lation is much more likely than R-branch oscillation under usual circumstances, as is
clearly observed in experiments.
The complete details of the gain as a function of J for P(J + 1) and R(J - 1) transitions
have been worked out by Patel, (10) taking into account the degeneracies of the J levels, the
matrix elements, the Boltzmann partition factors, and so forth. The important conclusion
is that the P-branch gain is positive over a range of J levels that varies with molecular
temperature and pumping level (i. e., with Nv,/Nv). For example, in one experiment Patel
found the following oscillations on the nominal 10.6_ transition:
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-1
P(14) 949.47 cm 10. 5322_
-1
P(16) 947.70 cm 10. 5519#
-1
P(18) 945.93 cm 10. 5716_
-1
P(20) 944.15 cm 10. 5915#
-1
P(22) 942.34 cm 10. 6119#
-1
P(24) 940.49 cm 10. 6327#
-1
P(26) 938.64 cm 10. 6537#
The P(20) transition was the strongest of these. By using wavelength selection methods to
suppress stronger transitions and allow weaker transitions to oscillate, and by varying
pumping conditions, others (11) have obtained oscillations over J levels as high as P(52).
It is vitally important to note that these transitions all compete for molecules in the
upper laser level. Once one transition begins oscillation it "steals" atoms from all of the
other rotational levels by the fast relaxation among rotational levels.
We have not yet mentioned specifically that the Doppler-broadened linewidth of the CO 2
transitions, is given by the usual Doppler formula,
/ kTmo I2
_] _ 50 Mc
_gD = _ V M
where M is the molecular mass, and Tmo 1 the molecular temperature in the discharge.
The axial mode spacing for a cavity of reasonable length will be several times this frequency.
Hence, there is a good chance that an axial resonant cavity mode may not be present inside
the P(J) line with the highest gain. In this case, laser action will occur in some other lower-
gain P(J) transition. Indeed, the observation is that, as the laser mirrors vibrate and the
axial modes shift in frequency, the laser oscillation jumps from one P(J) line to another,
with oscillation at any one time in a single P(J) line only. Figure 2-9 shows three P(J)
lines and a possible set of cavitT modes, drawn very much not to scale, in order to show
how one P(J) line may have a cavity mode within its linewidth, while other P(J) lines do not.
This will obviously be a major design problem for a stabilized laser. The laser will
have to be initially set, and then locked, to one selected P(J) line. Mechanical vibrations
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Figure 2-9. Single-Pass Gain versus Frequency for Three Lines of the
CO 2 Laser, Showing Cavity Modes and P(J) Transitions
will have to be minimized, and thermal length changes compensated (either mechanically or
electrically) to ensure very long-term operation in one single P(J) line.
2.3.2 Laser Excitation Techniques
The energy transfer process has been found to be extremely efficient, relative to other
gas laser systems, and efficiencies as high as 13 percent have been reported for multiline
operation (9) with multimode power outputs over 200 watts CW. The laser tubes producing
these powers were about 6 meters long and about 2.2 cm in diameter.
The energy of a photon at 10.6p is approximately 0.1 ev. The energy which is trans-
ferred from an electron in the discharge to a molecule, when the molecule is excited to an
upper electronic level by collision with the electron, is several ev. Therefore, even if
every such excited atom eventually returned to the ground state by passing through the laser
transition, the power efficiency would only be _5 percent or less - and it is not likely that
every excited CO 2 molecule does participate in laser action, since some decay by other
routes.
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The remarkable efficiency of the CO 2 laser appears to be explained in part by the fact
thatthe nitrogen molecule has a vibrationaltransition - and hence a ladder of vibrational
energy levels - with frequency spacing very close to the (00°I)transition of the CO 2 mole-
cule. The nitrogen molecules are excited to a high level on this "ladder" of energy levels
by electron impact. The nitrogen molecules then drop back down this ladder, step by step,
by successive collisionswith unexcited CO 2 molecules. At each collision,the CO 2 molecule
is excited to the upper I0.6-p laser level;and the N2 molecule drops down one more rung in
energy. Thus, each excited N 2 molecule can pump multiple CO 2 molecules, leading to the
observed pumping efficiency.
As noted, CO 2 10.6-p laser action is aided by addition of several other gases. Some of
these aid the pumping process to the upper CO 2 laser level in a manner analogous to N 2.
Others aid rather in relaxing CO 2 molecules out of the lower laser level. Information
relevant to these processes was presented by C. K.N. Pate] at the Fourth International
Conference on Quantum Electronics in Phoenix, April 1966.
2.4 SECOND-ORDER FREQUENCY SHIFTS IN CO 2 LASER AMPLIFIERS
When one's objective is high frequency stability, consideration of first-order frequency
shifts is not sufficient, and one must be prepared to closely examine more difficult second-
order effects that will have an effect on the oscillation frequency. We now consider some of
these effects.
2.4.1 Discharge Conditions: Pressure and Temperature Broadening and Shifts
For the case of a frequency stabilized laser, one will want to carefully stabilize the
discharge conditions, the pressure, and the wall temperature in the laser proper. It is not
possible at this point to predict the sensitivity to these parameters in detail, and this will
form one aspect of the development program. However, we can carry out some very rough
estimates, as follows.
The dominant source of inhomogeneous broadening in the CO 2 laser is the random
Doppler broadening arising from the random thermal velocities of the CO 2 molecules. The
full linewidth 5_ D of any transition due to Doppler broadening was given earlier. For the
10.6_ CO 2 transition, 5_)D _ 50 Mc.
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However, there will also be both a certain amount of homogeneous line broadening AvL
and a transition frequency shift AvS resulting from collisions of CO 2 molecules with other
gas atoms and with each other. The broadening is called Lorentz broadening, or by some,
Holtzmark broadening where it is due to collisions of an atom with other atoms of the same
kind. There is a standard kinetic theory expression for the number of collisions per second
(per unit volume) in a mixture of gases of types 1 and 2, namely,
Z = 2N1N2 2 x/2v_T(M!+4)
where N 1 and N 2 are the concentrations of the two types, and M 1 and M 2 are the molecular
masses. The parameter 2 is the effective cross-section for the process; typical values of
this parameter are 2 _ (20 - 80) x 10 -16 cm 2. Gerry and Leonard have recently measured
this quantity to be 57 x 10 -16 cm 2 for CO 2 molecules. 12 If Z is .the total number of collisions
in unit volume, tLe average number of collisions per unit time for a single molecule is
Z
ZL =-_1
The full linewidth Av due to Lorentz or collision broadening is then given byL
Z L
iAvL =
= 2---N2_2_ x/2_kT(_l + _2
This says that the Lorentz broadening of a transition in molecules of type 1 is directly pro-
portional to the concentration (or pressure) N 2 of any other gas of type 2; and this can be
experimentally verified. At the same time, by simply changing N 2 and M 2 to N 1 and M 1
one can get a reasonable idea of the Lorentz (or Holtzmark) broadening resulting from self-
collisions with molecules of the same kind. Putting rough numbers into the expression
above gives
hv L _ I- i0 Mcper Torr
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as the amount of Lorentz or collision broadening for a given gas pressure. The higher
figure, that is, _10 Mc per Torr, seems to be close to correct for CO 2, so that at a pres-
sure of several Torr the homogeneous linewidth of the CO 2 vibrational transitions is several
tens of Mc. The lifetime of the (00°1) state is roughly 10 -3 seconds. This makes the natural
width of the radiated line roughly 1 kc, a small width compared to the collision broadening.
Other measurements by Gerry and Leonard indicate that the cross-sections for collisions
2
of CO 2 with N 2 or CO are nearly the same as for collisions of CO 2 with itself; i.e., ; _ 50
to 56 x 10 -16 cm 2. The cross-section against He seems to be noticeably smaller, c _ 18 x
-16 2
i0 cm .
There is also a Lorentz shift in the line center frequency resulting from collisions,
which causes the overall line to be shifted to lower frequencies. This shift results because
when two molecules come near each other, the transition frequencies of either molecule tend
to be pulled downward because of the nature of the Franck-Condon potential-vs-radius curves.
If every molecule undergoes occasional collisions, its transition frequencies tend on the
average to be pulled slightly lower in frequency, since the molecule spends some fraction of
its time near other molecules.
The theory of this shift is very involved, but the net result is that the Lorentz shift
A_S and the Lorentz broadening A_ L are related by
-0.4
in many gases. Actually, we have some data on the pressure shift in CO 2. Patel notes that
CO 2 laser wavelengths, measured at less than 1 Torr, are shifted from earlier CO 2 wave-
lengths measured in absorption or spontaneous emission at 1 atmosphere (760 Tort) by
about 0.17 cm -1 = 5.1 x 109 cps. This corresponds to a pressure shift
A_S 5 x 109 cps Mc
_-_ _6.6_
P 760 Torr Torr
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Since an optimum CO 2 laser discharge will contain perhaps a few Torr of other gases such
as N 2 and He, in addition to the CO 2, it appears that very careful pressure (and temperature)
control will be necessary in order to eliminate frequency shifts due to pressure variations.
2.4.2 Isotope Shifts
Naturally occurring oxygen has two isotopes 014 and 015 with natural abundances of
99.63 percent and 0.37 percent, respectively, while the common natural isotopes of carbon
are C12(98.89 percent) and C13(1.11 percent). Therefore, one needs to consider possible
line shifts and/or asymmetries because of isotope shifts, such as are well known in He-Ne
lasers.
Actually, the isotope shifts in vibrational-rotational bands are quite large, because the
changed mass of the nucleus significantly changes both the vibrational frequency and the
rotational moment of inertia. For instance, the isotope shift in _3 between C120216 and
C130216 is _3 percent. Hence, the isotopically shifted components are probably moved
entirely outside the frequency range of interest, and we can probably ignore completely any
effects because of the very small natural concentrations of C 13 and 015.
2.4.3 Zeeman Shifts
Each of the J rotational levels of the CO 2 molecule is still (2J + 1) fold degenerate
(space degeneracy) because of the multiple allowed orientations of the angular momentum
vector in space. Application of a dc magnetic field B 0 will cause this degeneracy to be
lifted. Each J level, and its associated transitions, will be split into 2J + 1 components.
The amount of this Zeeman splitting between two adjacent components can be written as
Af = gj(_/h)B 0
where fl is the nuclear magneton, and gj is a numerical factor, called simply "the g value,"
(or the spectroscopic splitting factor). For a single nuclear spin, for example, gj has the
value 2.0, and the levels split at the rate 5f/B 0 _ 1.5 kc/gauss.
However, the magnetic dipole moment produced by a rotating molecule is relatively
small, because both the positive nuclear charges and the negative electron cloud rotate
around together. Thus, the net circulating current and the associated magnetic dipole
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moment are small. While detailed gj
values for rotating molecules are
values for the CO 2 levels are not available, typical
gj _ 0.02 - 0.05
Therefore, the Zeeman splitting rate is
B---0_ (0.02 - 0.05)
(15 - 35) cps
gauss
It should be easy to keep ambient magnetic fields well below 1 gauss. In any case, the first-
order effect of the Zeeman effect will be simply to broaden the" CO 2 lines very slightly,
since the lines split symmetrically with components being shifted both upwards and down-
wards. Hence, it does appear that Zeeman effects should not be a serious obstacle to good
frequency stability.
2.4.4 Stark Effect Shifts
There are dc (and possibly also RF) electric fields present in the CO 2 laser, and hence
the possibility of Stark frequency shifts in the CO 2 line must be considered. However, it
appears that any Stark perturbations will, in fact, be extremely small. First, because the
CO 2 molecule has no permanent electric dipole moment, there will be no first-order Stark
2
effect, but only a second-order effect in which the splitting goes as E 0 for small electric
fields E 0 . Secondly, Stark splitting decreases rapidly with increasing J values, and CO 2
lasers operate on relatively large-J transitions, e.g., P(20). Thirdly, both upper and
lower laser levels may be shifted in the same direction, so that their difference may be
very little changed.
By examining the limited data available on second-order Stark splitting of molecular
levels, we conclude that Stark shifts due to the dc discharge fields should not be a problem.
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Section 3
SURVEYOF STABILIZATION SCHEMES
3.1 INTRODUCTION
This section surveys some of the techniques which have been used in the past for the
active stabilization of the frequency of a gas laser and discusses their applicability to the
CO 2 laser. A good review article which covers in more detail some of the schemes men-
13
tioned in the following sections has been written recently by A.D. White.
In most cases, the end result in a feedback stabilization scheme has been the control
and movement of one of the laser cavity mirrors. Since the laser operating frequency is
primarily determined by the optical path length between mirrors, other schemes which
have control over this parameter could be used. These schemes might include the use of
an electro-optic phase retardation crystal inside the optical cavity or a variable pressure
gas cell, also in the cavity, to achieve a variable optical path length. With various practi-
cal limitations in these schemes, the technique of mirror position control has had the most
attention due primarily to the readily available piezoelectric crystal.
Because of the present difficulties in materials and techniques at the 10#m wavelength,
no internal cavity modulation schemes have been considered as possible approaches for CO 2
laser stabilization. Instead, only techniques which involve mirror movement have been
studied. The following sections briefly discuss possible techniques for laser frequency
stabilization with comments on the degree of applicability to the present objectives of stabil-
izing a CO 2 laser.
3.2 POWER SENSING
For the case of the 10-micron laser lines, the Doppler broadened line is so narrow
(approximately 50 MHz) that a stabilization scheme involving a power-output-frequency
correlation can be used. Figure 3-1 shows such a scheme. When one is frequency tuned
away from the top of the Doppler curve, the side of the curve for estimating purposes can
be approximated by a straight line, giving a near linear power-frequency correlation. To
obtain a 3 kHz stability on such a curve, a sensing circuit capable of detecting power vari-
ations of about 1 part in 104 is required. Although difficult, this is not an unreasonable
demand on a null detection system.
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Figure 3-1. Power Sensing Stabilization Scheme
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However, in this case, the frequency is only being inferred from the measurement of
laser power and, therefore, the power from the laser must be stable to better than 1 part
in 104 , not only for short periods but also for long periods of time if long-term stability
is to be maintained. This is an extremely difficult requirement, making this scheme un-
suitable for the stability goals of 1 part in 1010. For lesser requirements, this scheme
appears promising, especially since it does not introduce any intentional FM and AM on the
laser beam.
3.3 EXTERNAL FABRY-PEROT CAVITY
Frequency stabilization based on the use of high-Q resonant cavities as discriminators
has been used in the optical region for stabilizing the output of lasers. In this case, the
discriminators have generally been based on the power transmission or reflection properties
of the cavity.
The Q factor of optical cavities is approximately 27r L/)_oT , where L is the mirror
spacing, _ the cavity center wavelength, and T is the composite single-pass loss in the
o
cavity. For the case where wavelengths fall in the visible region, good quality mirrors can
give a cavity Q as high as about 108 for a 0.05m (5 cm) long cavity. Since the resonant
width, AV, of the cavity is given by Vo/Q, this Q corresponds to a width of less than 10 MHz
for visible wavelengths. It can be easily seen that Av is independent of v and is given by
o
Av = c--T-Twhere c is the speed of light.2?rL
Such cavities may be used as a sensitive optical frequency discriminator by sensing the
transmission peak of the cavity by modulating the cavity center frequency v at some lower
o
frequency f. The amplitude and phase of the intensity-modulated component at f in the
transmitted beam is proportional to the deviation of the laser frequency from v and may
o
be used as a suitable error signal to control the laser frequency. This approach does not
introduce any intentional FM on the laser output.
Since the passive high-Q optical cavities may be extremely compact, they may be made
with much less susceptibility to environmental disturbances than long laser cavities. The
temperature detuning, however, is the same for any length of cavity made of the same
materials. Therefore, the cavity discriminator has high sensitivity and good short-term
stability, but lacks long-term stability primarily because of temperature detuning.
Assuming the reflecting quality of the optics at a wavelength of 10/_m can be made as
high as in the visible (a difficult job at the present state-of-the-art), the cavity passband Av
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could be made the same width for either case. Present techniques limit this passband to val-
ues greater than about 10 MHz. Unfortunately, this value is only slightly narrower than the
50 MHz Doppler linewidth of the laser transition. That is, the transmission characteristics
of the external cavity to be used as a frequency discriminator would only give a slight advan-
tage over the laser Doppler line itself. This technique would, therefore, hardly be worth pur-
suing, especially since it would also have to be coupled with a technique providing good long-
term stability.
3.4 SELF DISPERSION
A technique for stabilization, which utilizes the hole burning and mode pulling effects in
a gas laser, has been proposed by Bennett 14 and tested by Bennett, 15 et al. In principle,
either the dispersive or gain properties of the inverted population of the laser may be used
to construct an optical frequency discriminator. The method is based on a shift of in-cavity
resonance introduced by a change in gain of the laser medium. The shift in cavity resonance
vanishes at line center and is of opposite sign on either side of line center. By modulating
the cavity gain, the cavity resonance can be modulated. Then, by beating this laser with an
auxiliary laser, offset by an intermediate frequency (say, 10.7 MHz) stabilized with an AFC
loop, the modulating frequency can be phase detected, thus providing an error signal to be
used to adjust the length of the main laser.
This system was successfully operated to provide a long-term (eight hours) stability of
1 part in 1010 for the 3.39D He-Ne laser line. Short-term stability was not measured. Ex-
trapolating this technique for use with the CO 2 laser, a slight advantage can be realized. The
undesirable increase in wavelength by about a factor of three is offset by the narrow homo-
geneous linewidth (_ 10 MHz) of CO 2 as compared to the 3.39_ line of He-Ne (_115 MHz).
These factors extrapolate approximately linearly to give about a factor of three enhancement.
It appears possible that this approach could be made successful in stabilizing the long term
drift of the CO 2 laser line to 1 part in 1010 .
ttowever, this approach suffers strongly because of the complexity of the stabilization
scheme. It not only requires a second complete laser and an optical heterodyne system, it
also requires stabilization and tracking of the second laser to the first by an automatic fre-
quency control system. As will be seen later, a simpler scheme is available for stabilizing
to the required level.
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3.5 ZEEMAN SPLIT ABSORPTION CELL DISCRIMINATION
In a recently developed scheme, 16 in which the same atomic line is used in a way that
is completely independent of the laser discharge, stabilities on the order of 1 part in 109
were obtained at 6328 Angstroms. The technique involves the use of an external absorption
cell that is placed in a solenoidal magnetic field. The magnetic field causes Zeeman splitting
of the Doppler line, giving rise to two polarization sensitive absorption profiles. By
chopping the output of a laser beam into alternately left then right circularly polarized light
before passing the beam through the absorption cell, the output of the cell will be composed
of different amplitudes of polarized light. When the laser is operating on line center, the
amplitudes of each polarization will be the same. The system is also phase sensitive so that
the direction of line movement can be determined. It is expected that this approach will be
extended to provide a frequency stability factor for the He-Ne laser to about 2 parts in 1012 .
Unfortunately, this approach may not be directly extended to the CO 2 laser since the
10.6 micron laser transitions cannot be appreciably split by a magnetic field (see Section 2).
However, a similar approach, utilizing an external gas cell, can be used for stabilization of
the CO 2 laser. It is discussed in Section 3.8. A big advantage with this type of stabilization
scheme is that no direct modulation of the laser cavity is necessary, thus providing a "clean"
laser output signal.
3.6 RING LASER
An approach, which has been used for frequency stabilizing a He-Ne 6328 Angstrom
laser, utilizes a laser placed in one arm of a triangular mirror system. Figure 3-2A de-
picts the scheme. For the ring laser, two independent traveling-wave oscillations (Beams
A and B) can circulate within the laser cavity, each at the same frequency if the ring cavity
is not rotating. When the operating frequency of the laser is appreciably off the center of
the Doppler line, these two traveling-wave oscillations can exist simultaneously, since each
oscillation burns a separate hole on one side only of the Doppler profile. However, when
the operating frequency is at or near the Doppler line center, the two oscillations must share
the same group of slow atoms near the center of the Doppler profile. Actually, the two os-
cillations will then compete for atoms, and the weaker oscillation will be suppressed by the
stronger. (Chance circumstances will determine which one of the two is weaker or stronger.)
In general therefore, if the operating frequency is removed from the center of the Dopp-
ler line by as much or more than the homogeneous linewidth of the particular laser transi-
tion, there is no competition for the same atoms and both beams oscillate independently.
If, however, one of the mirrors is moved slightly with a piezoelectric transducer so that the
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operating frequency approaches line center, then Beam A and Beam B begin to compete for
the same atoms, and one beam will begin to predominate in power over the other beam.
When the mirror position is adjusted so that both lines are within the same homogeneous
linewidth, one beam suppresses the other, driving its output to zero. This effect is depicted
in Figure 3-2B.
A scheme is therefore available for stabilizing the laser frequency. If a servo-loop is
used to keep the intensity of Beam B at zero, then Beam A will be stabilized in frequency to
an accuracy of about the homogeneous linewidth. Unfortunately, this "dead region," the
width of the homogeneous line, is fairly broad - on the order of 70 MHz for the 6328 Ang-
strom line in He-Ne and about 10 MHz for the CO 2 10.6 _m lines. Stabilizing to this limit
will only give about 3 parts in 107 frequency stabilization for the CO 2 laser.
One can improve the stabilization levels somewhat by taking advantage of the relatively
sharp cut-on point of the blanked-out beam. By biasing and controlling the voltage applied
to the control mirror so as to allow Beam B to oscillate at a very low level near the cut-off
point, an increase in frequency stability is possible. However, the problems inherent here
are the same as those described in Section 3.1 on stabilization by power sensing; i.e., the
laser power must be stabilized to a fractional percentage.
A dither scheme could also be utilized to drive the operating frequency back and forth
across the cut-off region and measure the time ratio of power-on to power-off. By driving
this ratio to one, the frequency could be stabilized to the cut-off point. This approach still
requires utmost power stability since the position of the cut-off point will vary with laser
gain. Also, this approach has the undesirable characteristic of considerable FM and AM on
the output beam (Beam A).
3.7 INTERNAL FM SIDEBAND GENERATION
If a phase modulator is operated inside a laser cavity or one of the laser mirrors is os-
cillated at some frequency, f, the laser beam becomes frequency modulated and typical FM
sidebands are generated inside the laser. The basic sideband amplitude and spacing is de-
termined by the modulating frequency and index. However, because of the nonlinear Doppler
gain curve, the sidebands are not amplified by the same factor when the carrier is off the
center of the gain curve and the FM'd laser beam becomes distorted. Demodulation of the
beam by direct detection external to the laser then will have beat frequencies between the
various sidebands of the FM signal; i.e., there would be no beats in the case of an ideal,
undistorted FM signal.
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These characteristics are then immediately applicable for absolute frequency stabiliza-
tion of the laser output. One merely detects the amplitude of the beat at f and uses this am-
plitude as an indication of the position of the FM carrier. As long as the beat remains zero,
then the carrier is at the center of the gain curve. If the beat increases to some nonzero
value, then one mirror of the laser is moved so that the carrier is once again centered. In
practice, this could be accomplished by attaching a piezoelectric transducer to one of the
laser mirrors and controlling the voltage on the transducer by feedback electronics from the
detected beat signal.
With proper design of the control loop, this scheme appears to have the capability of
providing long-term stability of the order required. However, the short-term stability
would be rather poor since the output beam of the laser would be frequency modulated at f
due to the required dither frequency. A similar technique discussed in the following section
removes the disadvantage of a modulated output.
3.8 FM SIDEBAND DETECTION USING A SEPARATE CO 2 LASER AMPLIFIER
Each of the schemes discussed so far has certain real disadvantages as described. Al-
though any conceivable technique will have some disadvantages, we do not feel that any of
the previously described methods will be satisfactory for the proposed program.
Fortunately, we have succeeded in devising a new scheme that appears to be quite sat-
isfactory. The credit for this suggestion belongs to Professor A. E. Siegman, our consul-
tant, who conceived the technique at Sylvania several months ago. Siegman's approach is
diagrammed in Figure 3-3; in this approach, the frequency of the CO 2 laser oscillator is
stabilized to the center of the CO 2 atomic transition with the aid of a separate nonregener-
ative CO 2 laser amplifier. As shown in the sketch, a small fraction of the main laser's
output is tapped off and then frequency modulated at a modulation frequency, u_m, for
example, by a vibrating mirror. This frequency-modulated signal is then amplified in a
nonregenerative CO 2 laser amplifier, and detected with a detector tuned to the modulation
frequency, u_
m
The nonregenerative CO 2 laser amplifier will have a gain profile determined only by the
atomic gain profile of the CO 2 transition. The pure FM laser signal entering the laser
amplifier will have no AM component or beat at the modulation frequency, u_ . If the main
m
laser signal is exactly at the center of the atomic gain profile, then the FM sidebands will
see a balanced gain, i.e., the same gain for corresponding upper and lower sidebands, and
no AM at the modulation frequency will develop (although AM at 2_ and higher, even har-
m
monics will develop).
3-8
SESW-G534
3.8 (Continued)
If, however, the main laser signal is slightly off the atomic line center, as in Figure
3-3, then upper and lower sidebands will be differently amplified and will become unbalanced
and an AM component or beat at u_m will develop. This beat will be detected by the photo-
detector. The unbalance will result both from amplitude and phase unbalance in the ampli-
fication of the opposite sidebands.
The beat at u_ will increase in amplitude the further the carrier drifts off line center,m
go to zero at line center, and change phase by 180 ° as the main laser signal passes through
line center. Hence, it provides an ideal and sensitive frequency discriminant. A propor-
tional error signal for feedback control of the main laser oscillator is easily developed,
using a phase-sensitive receiver as indicated.
This technique has the major advantage that no unwanted modulation sidebands of any
sort need be present on the main laser output. With the power levels available from CO 2
lasers, the fraction of the main laser output tapped off for the stabilization system can be
negligible. Nonregenerative gains in the CO 2 laser system are believed to be high, 17 e.g.,
on the order of 20% per meter in a closed system which gives this scheme good sensitivity.
The scheme furnishes a stable long-term absolute stabilization to the unchanging CO 2 tran-
sition itself. With high enough gain, high enough modulation frequency, and fast enough
electronics, it would provide good short-term stability as well.
The major disadvantage would seem to be the necessity for a second CO 2 laser tube in
the system. However, this could be a small, low-power tube, and no stable mirror struc-
ture is required. Some reasonable care will also be required to see that the vibrating mirror
at u_ does not cause unwanted vibrations at this frequency in the main laser structurem
A big advantage to this approach is that no intentional FM or AM is introduced on the
main laser beam and good sensitivity can be obtained. It appears that this stabilization
scheme is the most suitable for the envisioned program.
3.9 SUMMARY
In the search for a suitable frequency stabilization scheme to be used for the CO 2 laser,
the following criteria have been used:
(1) The scheme should be capable of both long- and short-term stabilization.
(2) No intentional AM or FM should appear on the laser output beam.
(3) Long- and short-term frequency stability levels are to be less than 1 part in 1010
(better than 3kHz for the CO 2 Laser).
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Figure 3-3. Stabilization Scheme Utilizing an External CO 2 Amplifier
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3.9 (Continued)
(4) The scheme should be capable of operating continuously for long periods of tim e.
(5) The scheme should be relatively simple and not costly to build and/or maintain.
(6) Standard or proven components should be used throughout.
(7) The scheme should not inherently limit the power output of the laser.
The technique described in Section 3.7 (FM Sideband Detection Using a Separate CO 2
Laser Amplifier) fulfills the above criteria in all respects and has definite advantages over
all the other schemes considered. Early studies on the external amplifier technique have
indicated that the scheme is capable of the desired stability of 1 part in 1010. Further anal-
ysis has proceeded on this scheme, and a detailed analysis of the technique is presented in
the following section.
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Section 4
ANALYSISOF EXTERNAL CO2 AMPLIFIER STABILIZATION SCHEME
4.1 INTRODUCTION
The desired long-term frequency stability can clearly not be obtained by stabilization to
any purely mechanical structure, but must be locked to an atomic transition, specifically to
the CO 2 laser transition itself. Furthermore, it is desirable to avoid internal modulation or
"dither" in the master laser oscillator, if possible. With these points in mind, we propose
that the laser frequency be locked to a separate CO 2 laser amplifier, as described in more
detail in this section.
Other significant advantages of tbis sd_ eme include the following:
a. The master laser oscillator, since it is not the main frequency determining element,
can be designed to best meet other objectives, such as power output or modulation
capability.
b. The separate laser amplifier, since it need not supply any power, can have its
structure, gas fill, discharge, and other parameters all adjusted for maximum
long-term stability, without worrying about other performance characteristics.
c. Since the separate laser amplifier is nonregenerative, cavity pulling effects and
other cavity-related disturbances are entirely absent, and only the atomic line
itself is involved.
The following sections contain the analytical treatment of the scheme first for the case
of a homogeneously broadened gain curve and secondly, for the more real, and difficult
case of a doppler broadened gain curve. The sensitivity functions are developed and typical
operating parameters from available devices are used to estimate the sensitivity of the
scheme.
4.2 THE SEPARATE CO 2 AMPLIFIER STABILIZATION SCHEME
The scheme to be investigated is best described with reference to Figure 4-1. As noted,
a fraction of the main CO 2 oscillator's power output is tapped off, phase-modulated at some
modulation frequency fm' and passed through a separate CO 2 laser amplifier. A detector
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4.2 (Continued)
at the amplifier output looks for beat signals at frequency fm and compares them with the
phase modulation, the objective being to have pure FM or zero beat in the amplifier's out-
put. A servo system controls the main oscillator's cavity length by piezoelectric tuning, in
such a way as to bring the observed beat to zero.
If the main laser frequency is exactly on the CO 2 line center, then the FM sidebands
are symmetrically located on the atomic line, and they remain balanced in such a fashion
that there is no AM beat signal generated at the fundamental frequency fm" If, however,
the main oscillation or carrier drifts off the CO 2 line center, then the FM sidebands are
asymmetrically amplified. They become unbalanced, and a fundamental beat note is
generated, more or less proportional to the deviation from line center. Moreover, the
phase of this beat relative to the original FM modulating signal changes sign depending on
which way the drift occurs. Hence, one can identify to which side of the line the carrier has
drifted.
Note that both the gain and phase shift characteristics of the inhomogeneous line are
important in determining the asymmetric amplification for a signal off resonance. The long:
term stability of this scheme should depend only on the long-term frequency stability of the
CO 2 molecular transition itself. We have already identified the factors that will limit or
determine the long-term stability of the molecular line. The actual frequency modulation
method may be electro-optic, if suitable materials are available, or it may be accomplished
with a piezoelectrically vibrated mirror.
The basic elements of this stabilization scheme are the incident frequency-modulated
(FM) laser signal; a single-pass laser amplifier; and a photodetector tuned to the first beat
note, i.e., to the FM modulation frequency.
4.3 GENERATION OF A BEAT SIGNAL
We suppose that the incident laser beam is an FM signal with carrier frequency ot
C'
modulation frequency _m ' and FM modulation index 5, so that the incident complex amplitude
u I (t) may be written
oo
"_ e j [Wct + 6 sin _rn t]u 1 (t) = u ° = u ° Jn(5) eJ(Wc + n_rn)t (4.1)
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4.3 (Continued)
If the complex voltage gain of the amplifier for a sideband at frequency
g(w), then the complex output signal from the amplifier will be
w is denoted by
co
_2 (t) = u° Z
n--- mco
j(w c + nw m )t
Jn (6) g(w c + nWm)e (4.2)
The instantaneous intensity striking the output detector (and hence presumably the photo-
current from this detector) will be given by
N *
I(t) = u 2 (t) _2(t) (4.3)
If we adopt the shorthand notation
N _ _(WCgn - gn(Wc ) = +nWm) ' (4.4)
then the photodetector ou_ut becomes
oo co
.._ ... , j(n-k) Wmt
I(t) = Uo 2 Z _ gngk Jn(5) Jk(5)e
n= -_ k--
irJOmt, ] 1[  2Omt]= + L o +oo +_ ...Io _- e + cc + (4.5)
where we have specifically indicated the expected dc photoresponse I° and the complex
amplitudes of the beat-frequency components at the first two multiples of the modulation
frequency wm . The symbol cc indicates the complex conjugate. Sorting out the appropriate
terms then yields for the dc and the first two beat components
co
io Uo2Z 1 12Jn2
n __ -oo
(4.6a)
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4.3 (Continued)
co
"I_1= 2u° 2 Z gn+l gn* Jn+l Jn
n _ _co
(4.6b)
co
_2 = 2Uo 2 Z gn+2 gn Jn+2 Jn
n _ -co
(4.6c)
Note that the beat amplitudes are the complex peak values, and that we may as well set the
2
incident intensity u ° = 1 . We now consider specific forms for the gain g(w) , and
calculate the output current terms.
4.4 HOMOGENEOUS BROADENING
We will consider in this section the case of an amplifier having a homogeneously broad-
ened atomic transition with center frequency w° and full homogeneous linewidth AwH .
Therefore, the laser amplifier's complex gain g_(w) may be written
g(w) = exp 4ngo l+j2(w - wo)/A_ H (4.7)
where go is the midband voltage gain. The gain for the n-th sideband of the FM signal
then becomes
gn = exp 2m go l+j2 (wc - _o + nWm )/A_H (4.8)
where wc - w° is the detuning between the FM signal's carrier frequency _ and thec
atomic line center w° It will be convenient to express this detuning and also the modula-
tion frequency wm in normalized form by defining the dimensionless variables
Frequency detuning (4.9a)D = Full atomic linewidth
Modulation frequencyM =
Full atomic linewidth (4.9b)
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4.4 (Continued)
In the present homogeneous case, we thus have
_c - Wo °_m
D - M -
Am H ' Aw H
However, we emphasize that according to the basic definition the denominators are the full
atomic linewidth, so that these denominators will become the doppler rather than the
homogeneous width when we move to the inhomogeneous doppler case.
The gain expression now becomes
gn (D,M) = exp 14ngo I+j2(D+nM)] (4.10)
and we can evaluate the first three photocurrent components as functions of the parameters
go ' 6 , D , and M . Figure 4-2 shows how the magnitudes of these photocurrents vary
as a function of detuning from line center. It will be noted in particular that the fundamental
beat T 1 is identically zero when D = 0. The magnitude of this beat current varies lin-
early with D in the range about D = 0. This beat is, of course, the output parameter
that we intend to use as the discriminant, to indicate any detuning of the optical carrier
0_ from the atomic line center _ Note also that the dc current I decreases gradually
e o o
with increasing detuning, D , because the signal carrier is then moved away from the gain
peak. There is also a weak second-harmonic component 12 at frequency 2mm . This
component has a more complex variation with D, and does not appear to be of utility as a
frequency discriminant.
Examination of the phase T 1 shows that it changes by 180 ° in passing through line
center, as would be expected. This discriminant beat signal reaches a maximum when the
detuning reaches a value
0J W
D - c- 00.28
AmH
and then decreases for still larger amounts of detuning. This value for the location of the
maximum of _1 is observed to remain nearly the same over wide ranges of modulation
index 5 and modulation frequency
m
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4.4 (Continued)
For stabilization purposes we are particularly interested in the midband sensitivity,
i.e., the variation of the beat note I1 with the detuning parameter D for small values of
D . We can write for small D
co
,_ Y:*
< n+lgn
n_._ moo
+ gn+l gn ) Jn+l(5)Jn(6) (4.ii)
where the derivative gn of gn in the homogeneous case is given by
_, 5g n
gn- 5D
D=0
2j_n go
(l+2jnM) 2
1
exp [6ng ° l+2jnM] (4.12)
and both gn
for negative
are symmetry gn Jnand g: evaluated at D 0. From the properties of and
n, it is easy to show that the midband sensitivity can also be written
o0
"[1/D _ 4 Z
n=0
(g'n+l _' * "_' ~ *gn + gn+l gn ) Jn+l(5)Jn(6) (4.13)
This expression can be easily approximated for the case of small FM modulation index,
6 << 1. In this case the only significant spectral components are the carrier, with
Jo(6) _ 1, and the first sidebands, with Jl(8) _ 6/2. The midband sensitivity can then
be written
__ [ M + jM 2 ] 6n go _ go / (I+2jM)
_ID "_ 4j66ng° [ M+_(M _" - 1/4) J e e , (6<<1) (4.14)
The magnitude of the factor in rectangular brackets increases linearly with M
passes through a maximum; and drops back asymptotically to 1 for large M .
and peak values are given by
for small M;
Its asymptotic
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4.4 (Continued)
M + jM 2 1
M+j(M 2 - 1/4) J
4jM, M << 1
= (4/3) 1/2 exp [j arc tan(v/2-/5)] , M = Mop t = (2) -1/2
1 M >> 1 (4.15)
For small 5 a modulation frequency almost as large as the atomic linewidth is obviously
desirable (although an FM modulation frequency this high may not be technically feasible,
especially if the modulation is accomplished with an oscillating mirror). In physical terms,
the largest sideband unbalance is obtained by placing the modulation sidebands well out on
the sides of the atomic line, where the gain slope (d/dw) X" (0)) is largest andwhere the
phase-shifting effects _(' (0)) are also largest.
The midband slope or discriminant may thus be written for small M and 5 as
iTll
-D-- _ 8M5 G O 4n G O (4.16)
2
where G o = go is the single-pass midband power gain of the amplifier.
we may write for the midband slope
I l= [+ +°o+nOol° °o)
More generally,
(4.17)
where the factor F(M, 5, Go) is unity for small M and 5 , and decreases at larger values.
Computer runs have shown that this factor is nearly unity over wide ranges of M and 5 ,
as illustrated in Figure 4-3. It begins to fall below unity only for combinations of
modulation index 5 and modulation frequency M which put a significant fraction of the
laser energy into sidebands falling outside the main portion of the gain curve.
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4.5 INHOMOGENEOUS (OR DOPPLER) BROADENING
We now need to consider the more realistic case of an inhomogeneously broadened
atomic transition, such as is characteristic of doppler-broadened gas lasers. The gain
in this case may be written
1 _(_) 1 (4. is)g(0_) = exp I- j_kL
Here k is the propagation constant neglecting any atomic interaction; L is the amplifier
length; and _ (w) is the complex atomic laser susceptibility, given by
¢o
--_ " 2 _4n 2 /X(_) = Jxo _.u_) 1 + 2j(w-%)/A® H
[_/.2 _2"n2 _ 2 )2]\ / %
exp
(4.19)
,!
In this expression jX° is the midband susceptibility of a single homogeneous line or
"spectral packet" having homogeneous linewidth _w H . The first factor inside the integral
!
gives the frequency variation of X(w) for a single homogeneous packet centered at wo .
?
The second (exponential) factor gives the distribution of packet center frequencies w about
o
the line center w ° , with doppler linewidth AwD .
If we use the same basic definitions for normalized detuning and normalized modulation
frequency as above, we will now have
D - Frequency detuning _ Wc - w° (4.20a)
Atomic (doppler) linewidth A0_D
W
M --- Modulation frequenc_r = m (4.20b)
Atomic (doppler) linewidth AwD
Note that AwH is now replaced by A0_D in these definitions. We also define the homogen-
eous broadening parameter
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4.5 (Continued)
H -- Homogeneous linewidth _ AWH
Inhomogeneous linewidth AwD
(4.20c)
The laser susceptibility expression, evaluated at a sideband frequency w
may now be written
---- W
C
+ nw
m '
-- ,, /4_2 / 1 e -y2= - dyX(W=w e+nw m) jHXo .._ _ H+2j(D+nM) - jy
--
(4.21)
where we define the new function
/_ 1 _y2K (_') - ,._ e dy (4.22)
_- jy
The argument _ of this function will, in general, be complex. The problem now reduces
to evaluating the rather complicated function K (_) ; we will give various series expansions
for K ((X)shortly.
The gain seen by a sideband at
written
w =w +nw
c m in an inhomogeneous line can now be
(4.23)
We also will need the derivative of this gain with respect to D , evaluated at D = 0 , which
takes the form
gn (M,H) = 4j V/Ln 2Lngo _n_K (_n) - _ exp Lngo _ ( vf_ 2 H
K( CLn 2 H)
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4.5
where _n
(Continued)
is the combination
fin --- _2 (H + 2jnM) (4.25)
These expressions for g_n and "_'gn may now be used to compute the output signal from the
laser amplifier.
In the present case extensive calculations carried out for wide ranges of M, D, H and
8 would be largely academic. As a practical matter we are concerned with values << 1
for all of these variables. Within this degree of approximation we can expand K ((2) in the
form (see Appendix A)
K ((2) _ y- 2_/_(2 , 1 (4.26)
and the series expansion for the beat signal _, can also be expanded, in the same manner
as was done for the homogeneous case. The result of this approximation is
_1 _ - (8_n2) (G O&nGo) MD8 (4.27)
Hence the midband slope or discriminant is
D _ - (8&n2) (GO4nG o) M8 (4.28)
Note that this is exactly the same, except for a minor numerical difference, as the homogen-
eous result. The homogeneous linewidth parameter H drops out entirely -- as might be
expected since no saturation phenomena are taking place. By analogy with the homogeneous
case we may expect this expression to remain valid for a wide range of values of G o , M
and 8.
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4.6 CALCULATION OF SYSTEM SENSITIVITY
In this section we calculate the sensitivity of the FM amplifier frequency stabilization
method assuming a real infrared detector, with its many performance limitations.
From our previous analysis we have found that the peak value of the modulation-frequency
beat Note I, is related to the input beam intensity I o, the detuning factor D, and other param-
eters by
I 1 = (8 4n 2) (Go4n Go) IoMD5 (4.29)
If we use a photoconductive IR detector with a responsivity R (measured in volts/watt), the
rms signal voltage V s from the detector at the modulation frequency will be
_ 1 RI1 (4.30)
Vs
Ifwe express 11 in terms of the modulation frequency fm' doppler linewidth at half height
5fD, anddetuning 5f = fe - fo' thisbecomes
= (4_/24n2)[ (Go4nG°)RI° fm5 ] 5fVs Af 2
D
4(G o 4n Go) RIo fm5 5 f
Af 2
D
(4.31)
The signal voltage is, of course, linear in the frequency detuning or frequency error Af •
The rms noise voltage V from an IR detector within a detection bandwidth B can be
n
related to the specified responsivity R and noise equivalent power (NEP) of the detector by
V = Rx NEPx_ (4.32)
n
where the NEP is specifiedby the detector manufacturer assuming a 1 Hz detection band-
width. The noise voltage can also be written in terms of the detector area A and the
specified D* of the detector, in the form
R_'_ (4.33)
Vn = D*
In using these expressions one must be careful to use values of R, NEP and D* all
determined for the same experimental conditions.
If we combine the above expressions for V
s
ratio in the form
and V
n
we can obtain the signal to noise
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4.6 (Continued)
V s 4(G ° 2_n Go) I° f m 6
2
Vn NEP _ Af D
A f (4.34)
Suppose that we take as the minimum detectable signal criterion a signal-to-noise ratio of
unity. Then, the minimumdetectable frequency error (Vs/V n = 1) for the real IR detector
case is given by
Af
min
2
NEPv/-BAf D
4(Go2-nG o) I o fm 5
(4.35)
or, alternatively,
Af
2
D
f 8min 4D* (G O 2_nGo) I ° m
(4.36)
Our next step is to put realistic numbers into these expressions.
Certain parameters in the experiment are fairly firmly determined. For example, the
maximum gain in a CO 2 laser amplifier is known to be approximately 40% per meter.
Therefore, by constructing a simple optical system to provide, say, a triple pass of
the optical beam through a 60 cm long amplifier tube, the gain would be
G 22.0
O
&n G _ .693
O
L = 60 cm,
3 passes.
Also, the doppler linewidth in a CO 2 laser is well established
AfD _ 45 MHz
The detector parameters depend, of course, on the detector chosen. One IR detector that
is available, fairly simple, and requires only liquid nitrogen cooling, is the Philco GPC-
215. The important parameters of this gold-doped germanium photoconductor are sum-
marized in Table 4-1. The important number for our purposes here is
NEP ()_ = 10.6 _) _ 3.3 x 10-10 watt/q/- _-
This value is estimated by extrapolation, but is believed to be fairly reliable.
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4.6 (Continued)
System parameters are somewhat subject to our design control, and must be chosen
within feasible angles. We will specify, for example, a modulation frequency of
f = 1 MHz = 106 Hz
m
It is proposed that the modulator should be of the electro-optic type, using Ga As (See
Appendix C). Modulation of 10.6 _ radiation using this material has been demonstrated,
with good performance. We suppose that a reasonable modulation index will be
6 = 1 radian
Table 4-1. PHILCO GPC-215 INFRARED DETECTOR
P-Type Ge:Au Photoconductor
-2 2 1
A = 10 cm T= 77°K
2
Parameter _. = 5.5 p _ = 10.6
R
3
Responsivity
Detectivity D*
NEP
14 x 103 volts/watt
6 x 109 cmv_/watt
1.7 x 10 -11 watt/_H-_
7 x 102 volts/watt
3 x 108 cmv/-_/watt
3.3 x 10 -10 watt/_/-_
Note s:
1). Performance is significantly improved if the operating temperature is reduced
to T = 65°K
2). Values for k = 10.6 _ are estimated by slight extrapolation of published curves; they
may possibly be improved with better windows and design of the detector specifi-
cally for k = 10.6 p
3). At _100_a bias. Responsivity varies linearly with bias, while D* and NEP remain
very nearly unchanged.
The detection bandwidth is more or less arbitrarily chosen as
B = 100 Hz
This is a compromise between sensitivity and speed of response.
We have finally to choose the total intensity I° incident on the detector. The manufac-
turer specifies that for 500_K blackbody radiation the GPC-215 is linear to signal levels Io
(500°K) _ 10 .6 watts, with a responsivity to this radiation of R(500_K) _. 7 x 103 volts/wa_.
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This implies linear response up to signal voltages of at least V = 7 x 10 -3 volts. In fact,
s
since the bias voltage on the detector is approximately 20 volts in normal operation, it
seems safe to assume that the signal voltage could go at least as high as 0.2 volts without too
much departure from linearity. (The manufacturer also specifies no damage from, and very
rapid recovery from, even "massive radiation overloads").
Our chief problem is that the desired beat signal I 1 rides on top of a very large dc
input Io, and the dc response of the detector to I° is the limiting factor. It seems reasonable
to assume that we can operate with an input I ° at 10.6_ which, when multiplied by the 10.6_
responsivity, causes a dc signal voltage of less than 0.2 volts. Therefore, we specify
0.2 volt
I ° (10.6_) - R(10.6_) (4.37)
2 x 10 -1 volt
7 x 102 volt/watt
This is certainly well
280# watt
within the available power from the laser amplifier.
If we combine all of the above numbers, the final result for the minimum detectable
frequency error is
Afmi n _ 4.3x 103 Hz (4.38)
The fractional frequency stability which this number represents is
5fmin 4.3 x 104 -10
- - 1.4 x 10 (4.39)
fo 3 x 1013
Therefore, this value very nearly, but not quite, achieves the objective of 1 part in 1010
frequency stability.
We have, however, deliberately chosen values for all of the system parameters which
were not pushed to their maximum values, in order to obtain a fairly realistic estimate. In
Table 4-2, we have tabulated both these somewhat conservative design choices, and also the
results of a reevaluation using a "stretched" set of system parameters. The result with the
stretched parameters is
A fmin = 20 Hz (4.40)
and hence a frequency stability of
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Table 4-2. Estimation of Minimum Frequency Error
NEP q/B- AfD2
_fmin _ 4(G o4nG o) Iof mS
SESW-G534
Initial "Stretched"
Parameter Design Design
10 -10 10 -103.3x 2xDetector NEP
Detection Bandwidth B
Doppler Linewidth _fD
Laser Gain G
o
Laser Power I
o
Modulation Frequency fm
Modulation Index 5
Minimum Frequency
Error Afmi n
Frequency Stability
Afmin/fO
100 Hz
45 MHz
Watts
(Hz) 1/2
2.0
0.28 mw
1 Hz
40 MHz
2.0
1 mw
1 MHz
1
4.3 kHz
1.5 MHz
2
20 Hz
i.4 x I0-I0
Watts
(Hz)I/2
6.7 x 10-13
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4.6 (Continued)
Af
min 10 -13f - 6.7 x (4.41)
0
This result is no__t.tto be taken as a design prediction, but is only intended to show that with
some optimizing of the system parameters the original design objective is feasible.
There also appear to be some "safety factors" which are available to compensate for
any overly optimistic assumptions in our choices of parameters. These "safety factors"
can be invoked if and when required to compensate for any other unforeseen difficulties.
list of possible "safety factors" includes:
A
1) If detector performance is a seriously limiting factor, it is possible to go to a
helium-cooled detector, thereby gaining greatly improved detectivity (at a con-
siderable cost in practical convenience). Typically these detectors will offer about
a factor of 20 reduction in NEP.
2) Cooling the walls of the CO 2 laser amplifier will reduce the doppler width A f D'
and probably also increase the available gain G .
O
t
3) The performance of the simpler nitrogen-cooled detectors should be capable
of at least some improvement, by limiting the field of view to the very small
angle needed for this application; optimizing the choice of window material;
optimizing the detector geometry; and pumping on the nitrogen to cool below 77°K.
4) Concentration on modulator design and optimization should permit either higher
modulation frequency fm (if detector limitations permit), and/or substantially
higher modulation index 5.
5) Use of the detector as a combined photodetector and modulation-frequency mixer,
by using rf detector bias, will permit higher modulation frequencies, and may
also improve noise performance. This is an important point, and should be
checked experimentally early in the program.
6) Even higher values of the power I° from the CO 2 amplifier may be usable,
especially with rf bias. The usable response range of available detectors should
be checked early in the program.
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4.7 SUMMARY
An analysis for the external CO 2 amplifier stabilization scheme has been carried out
for both the homogeneously broadened and inhomogeneously (doppler) broadened amplifier
gain curve. Only slight numerical differences in the midband discriminant function appeared,
especially for the case of a CO 2 laser amplifier in which the ratio of doppler linewidth to
homogeneous linewidth is relatively small.
For the case where the modulation depth and frequency is low enough, the minimum
sensitivity function, in terms of real detector parameters, can be evaluated from the mid-
band discriminant function.
The minimum detectable frequency deviation (Afmi n) for any laser system was derived
to be
Afmin = 4(GoLnGo) Iofm 6
where NEP is the noise equivalent power, B is the system bandwidth,5 fD is the full width
of the doppler gain curve at half height, G o is the total amplifier gain, I ° is the detector
, is the modulation frequency, and 6 is the modulation depth.input power (optical) fm
Earlier similar calculations, which estimated the above minimum detectable frequency
deviation, were carried out based upon the limitations imposed by shot-noise-limited de-
tectors. The analysis has been extended to the real case of readily available 10 _m de-
tectors which have noise characteristics two to three orders of magnitude worse than shot-
noise-limited devices. To obtain the desired 1 part in 1010 frequency stability, the loop
bandwidths will have to be restricted to about 100 Hz and electro-optic modulators will have
to be employed in order to operate at required modulation frequencies on the order of 1 MHz.
The detectors would be liquid nitrogen cooled, but substantial improvement could be obtained
if liquid helium cooled detectors were utilized.
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Section 5
ELECTRONIC CONTROLLOOPTECHNIQUES
5.1 GENERAL SYSTEM DESCRIPTION
The frequency control loop block diagram is shown in Figure 5-1. The stability of the
main CO 2 oscillator is controlled by varying the cavity length with a piezoelectric tuning
device. The control signal for the tuning device is developed from a phase modulated
optical signal that is sent to a CO 2 amplifier from the main CO 2 laser beam. The develop-
ment of the error signal is discussed in Section 4.
The basic error signal detected at the photo detector has the same carrier frequency
as the modulating signal for the phase modulation. The side bands of the error signal have
a frequency spectrum equal to the disturbance frequency spectrum of the main CO 2
oscillator. The disturbance spectrum includes thermal drift and acoustical noise. The
disturbance sidebands are detected to a low pa_s spectrum by the phase detector operating
at the carrier frequency.
The low frequency signals are filtered and amplified to provide correction signals for
the tuning piezoelectric device. The filtering is to control the noise bandwidth and also to
compensate or stabilize the closed-loop control system. The closed-loop bandwidth should
be nearly equal to the disturbance bandwidth for best stabilization results.
5.2 PIEZOELECTRIC TUNING DEVICE
The piezoelectric stack is difficult to drive from an amplifier because the device looks
like a large capacitor. Additionally there are structural resonances in the device which
make it unusable at some frequencies. An electrical frequency response of a typical
mechanically free-hanging piezoelectric device is shown in Figure 5-2. A source
impedance of 620 ohms was used to measure the voltage drop to the device. Figure 5-3
shows an approximate electrical equivalent circuit of the device. The first -3 db point at 16
KHz represents the corner frequency of the driving impedance, R1, and the equivalent
device capacitance, C1. The deep notch at 84 KHz represents a structural resonance,
which is a series resonance of C2 and L1 in the equivalent circuit. The peak at 88 KHz is
the parallel resonance of C1 and L1. The following notch and peak are results of a second
structural resonance.
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Figure 5-3. Approximate Electrical Equivalent Circuit for Free Hanging
Piezoelectric Device
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5.2 (Continued)
When the piezoelectric device is firmly mounted to the cavity structure and the mirror
is added, the first structural resonance will occur at approximately 40 KHz. Using this
fact and the electrical equivalent circuit of the device it was determined that the 16 KHz
corner was not affected, and the equivalent device input capacity will still be approxi-
mately 0. 016 pf. This particular device is capable of displacements on the order of
1/2 pro. Larger piezoelectric stacks would have more displacement, but with increased
capacitance.
The displacement gradient of the device is approximately 2.5 x 10 -3 p/volt. A driving
amplifier would have to have a voltage swing of about 300 volts to compensate for expected
thermal drifts. A typical cavity length of 50 cm would require that the driving amplifier
have no more ripple than 20 mv for frequency stability of 10 -10 .
5.3 PHASE MODULATOR AND CARRIER FREQUENCY
The phase modulator to be used to modulate the split optical beam could be either an
electro-optic type modulator or a vibrating mirror modulator depending, primarily, on the
required carrier frequency needed in the stabilization scheme.37 If a vibrating mirror
modulator is used, 44 the modulating frequencies chosen would have to produce a stable
mechanical response in the device since varying displacement and phase angle would upset
the closed-loop response. Mechanical techniques would be limited to frequencies no higher
than about 100 kHz. However, a modulation frequency of about 100 kHz or greater would be
good from a carrier standpoint. While it can be shown theoretically that a frequency band-
width equal to the carrier frequency can be recovered through synchronous detection, prac-
tical limitations such as phase shift and distortion limit the sideband frequency information
from 1/2 to 1/5 the carrier frequency. Since the closed-loop bandwidths of the probable
system will be less than 20 kHz, the carrier frequency would be no limit on the system if
100 kHz or greater is utilized.
5.4 PHOTO DETECTOR
The photo detector has to be able to respond linearly to the carrier frequency. Any
phase shift of the carrier sideband frequencies must be reflected down to the closed-loop
response. The level of the carrier error signal will be very small. A rough estimate is
that a one volt signal applied to the tuning piezoelectric device will produce a 200 micro-
volt error signal at the photo detector. At these levels it is necessary to do extensive
shielding of all the detector package and connecting leads. The photo detector should also
have a minimum of noise at the carrier frequency. In fact, the carrier frequency may be
chosen to minimize noise.
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5.5 BANDPASS AMPLIFIER
The bandpass amplifier will be tuned to the same frequency as the modulation frequency.
The input signal levels from the photo detector are in the micro-volt range. This means
that front end noise must be reduced to the absolute minimum with this amplifier. From
the noise standpoint it is desirable to have the amplifier bandwidth as narrow as possible.
A narrow bandwidth, however, would result in phase shift of the signal sidebands. To
account for this phase shift, a low pass time constant equal to the half bandwidth -3 db
point is used for the closed-loop analysis. A 10 KHz, 3 db bandwidth would result in a
5 KHz corner frequency time constant. For the 100 KHz carrier frequency, a 20 or 40 KHz,
3 db bandwidth may be used, resulting in a relatively small time constant in the control loop.
5.6 PHASE DETECTOR
The phase detector is a device whose dc output voltage is proportional to the phase and
amplitude of the input signal with respect to a reference signal. The dc output varies as a
cosine function of the angle between the input and reference signals. The phase shifter
shown in Figure 5-1 is placed in the reference channel in order to minimize carrier side-
band phase shift in the error signal. The low pass filter after the phase detector would
have a corner frequency approximately at the noise bandwidth corner. The function of
this filter is to smooth out transients.
5.7 DC AMPLIFIER
The major function of this amplifier is to furnish dc amplification and compensation
for the closed-loop system. A plain dc amplifier would result in a Type 0 closed-loop
system, resulting in a positional offset error. This would mean that for slow thermal
drifts there would be an error voltage present equal to the offset error divided by the
closed loop gain. If the thermal drift were 1/2 p_m, the loop gain would have to be 10,000
to achieve the required frequency stability.
The closed-loop system would become Type 1 by converting the amplifier to an
integrator. There would be no positional error, and the velocity error or rate of change
error would be reduced by the loop gain. Also this amplifier is in an excellent place to
add compensation networks for the stabilization of the closed-loop system.
5.8 POWER AMPLIFIER
The power amplifier is a very important part of the closed-loop system. It has to
have a voltage swing in the range of several hundred volts, yet have ripple levels no
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5.8 (Continued)
greater than a few millivolts. It must have high dynamic frequency response, yet be very
stable. The amplifier must drive a capacitive load.
One way to achieve the high frequency response is for the amplifier to have a low
output impedance. The direct capacitor load will unfortunately cause almost any amplifier
to become highly underdamped and in fact oscillate at high frequencies. This is because
the amplifier output impedance and the capacitor form a dominant time constant which
along with the inherent amplifier time constant will result in an amplifier with no phase
margin at high frequencies. A remedy to this problem is to decouple the amplifier from
the load with a resistor equal to the output impedance of the amplifier. This lowers the
closed-loop bandwidth, but is absolutely necessary.
Typical open-loop output impedances are from 100 to 1,000 ohms for most amplifiers.
This is why the frequency response of the piezoelectric device was determined with a 620
ohm series resistor. One interesting fact to consider is that when the driving signal to
the piezoelectric device is of the same frequency as the structural resonance, the series
resistor will drop the driving voltage and result in less drive to the device.
5.9 CLOSED-LOOP SYSTEM
The closed-loop transfer functions are shown in Figure 5-4. These transfer functions
include estimates of gain and time constants. A total loop gain of about 66 db is desired and
the loop appears to be stable at this level. The bandpass amplifier has a 10 KHz band-
width which results in a 5 KHz low pass time constant for the closed-loop system. The
integrator was chosen to give the Type 1 system. With no compensation networks the
closed-loop bandwidth is approximately 400 Hz. Compensation networks whichwere added to
the integrator and the power amplifier are shown as part of those transfer functions.
Based on the typical components discussed above ,the system frequency or Bode plot
can be calculated and is shown in Figure 5-5. The closed-loop bandwidth is approxi-
mately 5 KHz. This corresponds to the bandwidth that was chosen for the bandpass
amplifier. If a wider amplifier bandwidth were used,it would not greatly alter the
compensation problem. Closed-loop bandwidths of 5 to 15 KHz seem possible if system
noise is not an overwhelming problem.
All analysis has assumed that a specific piezoelectric tuning device would be used.
It is possible that this device would not have enough total displacement to compensate for
all thermal drifts. A second piezoelectric device mounted to the second mirror on the
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5.9 (Continued)
cavity could help with this problem. If it were a much larger device, it would have more
displacement capability. The only problem is that it would have a very high equivalent
input capacity and require some type of special drive cross-over system.
Figure 5-6 illustrates how it would be possible to use two piezoelectric devices with
one error signal. Figure 5-6a shows the basic closed-loop system as it has been analyzed
in this Section. All the system transfer functions are lumped into KG(s),and GLI(S)
represents the transfer function of the first piezoelectric device with its series resistor.
Figure 5-6b shows the closed-loop system as it would be with two devices and two cross-
over networks. Since GLI(S) is the small device, it would be used only at high frequencies
and Gl(S ) would be a high pass filter. The second device, being much larger than the first
device, would be driven with the transfer function GL2(S ), by a low pass filter. This low
pass filter would be a function of the other three transfer functions.
The resulting transfer function for G2(s ) shows that the two piezoelectric device
approach can be used. In practice it would be possible, but care would have to be exercised
in order to preserve phase and gain matching of the two channels.
5.10 SUMMARY
Based on the readily available components, used in similar laser systems, it appears
possible to obtain a satisfactory control loop with bandwidths of at least 5 KHz. The degree
to which this bandwidth can be utilized will be determined primarily by the noise character-
istics of the laser amplifier, photodetector, and front end amplifier. For the case when
large piezoelectric displacements may be required due to thermal drifts, two independent
piezoelectric stacks could be used; one for the low frequency but large movements and the
other for low amplitude but high frequency control. A cross-over scheme in the control
loop appears possible; this would not seriously limit the overall gain-bandwidth product.
This approach appears promising in that it could relieve some of the strain on the
temperature control of the laser structure.
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Figure 5-6. Cross-Over Drive for Two Piezoelectric Devices
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Section 6
LASER WAVELENGTH AND MODE CONTROL
6.1 INTRODUCTION
As discussed in Section 2, the CO 2 laser can operate almost equally well on several
different wavelengths around 10.6 pm depending on the J value of the transition. Although
the laser will generally only operate on one wavelength at a time, the choice of wavelength
can be a random process depending on which photon starts the lasing action. This random
type of operation is not tolerable in a heterodyne system. Also, it is possible that the laser
may prefer, at a given time, to oscillate on a higher order mode rather than the TEM
oo
mode unless special considerations are given to the design of the optical cavity to discourage
such operation. The following sections discuss several techniques which can be applied to
the design of the optical cavity of a CO 2 laser which would force the laser to oscillate at a
particular wavelength and mode in a reproducible manner independent of surrounding
conditions.
6.2 WAVELENGTH SELECTION
6.2.1 Internal Prism
A technique for wavelength selection that has been used many times in the past on He-Ne,
Argon, and other lasers is to impose a high-quality prism in the laser cavity between the
laser tube and one of the cavity mirrors. The natural angular dispersion of the prism is
enough to detune the cavity for all wavelengths other than the one for which the mirror-
prism system is aligned. In all previous cases, the separation between the adjacent wave-
lengths was large and no problem existed in obtaining enough loss on unwanted lines to keep
them from oscillating. For the case of the CO 2 laser, the lasing lines are so close together
that special attention must be given to the design of such an intracavity prism.
Since the wavelength separation between the adjacent J transitions is so small (. 02/_m
minimum), the prism must have high enough resolving power to adequately separate the
lines. The resolving power of a prism is given by
AX =!
dn
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6.2.1 (Continued)
where h), is the Rayleigh limit to the separation of lines, k is the average wavelength,
dn
B is the base length of the prism and _ is the dispersion of the prism material.
Unfortunately there are few materials which could be used for internal cavity prisms
in the 10-/_m range. Internal cavity work automatically requires low absorption and scat-
tering loss and the materials which fulfill this requirement, in usable thicknesses, are
limited to Germanium and several of the Ionic salts, such as Sodium Chloride and Potas-
sium Chloride.
The dispersion characteristics at 10 pm for a large group of infrared materials has
been listed in Table 6-1. Except for Lithium Fluoride, which is starting to absorb quite
strongly at 10 _m, NaC1 has the highest dispersion characteristics of all the other infra-
red materials.
Table 6-1.
MA T ERIA L
Dispersion Characteristics of Several Infrared Crystals at a
Wavelength of 10 ]zm
INDEX OF REFRACTION
DISPERSION
dn/dX (-i)
BaF 2 1.4195 .0051
CsI 1.73916 .00081
CsBr 1.66251 .00131
Ge 4. 0032 .0004
Si 3.4179 .0003
KC1 1. 45664 ° 00398
NaC1 1. 49482 .00699
KRS-5 2. 37069 .00215
LiF 1. 094 .087
Se 2. 4767 .0009
KBr 1.52 .00222
In order to resolve the nearest lines of the CO 2 laser (5k = . 02 _m) using a NaC1
prism (dn/dk = . 007/_m), the base width of the prism must be at least
k
B = dn - 72 mm long,
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6.2.1 (Continued)
a fairly large crystal. A big advantage is obtained by putting this prism inside the laser
cavity where the multiple pass effect through the prism will increase the resolving power.
For example, if the losses in the cavity run about 10 percent (including output mirror trans-
parency losses), then the internal beam will make an average of about 18 passes through the
prism. The effective length of the prism is then increased by this amount, reducing the
required length of the prism to a respectable size for in-cavity operation.
If a Brewster-angletube is used, the prism can easily be fabricated so that the beam
will enter and exit the prism at Brewster's angle with respect to the prism faces. This
would reduce the prism losses significantly.
Although the several laser lines would be spatially separated within the cavity, the
mirror system would have to be designed with high enough angular sensitivity so that only
one of the possible laser lines could oscillate. Comparing the above numbers, in terms of
angular sensitivity, to those published by Sinclair 18 on the angular sensitivity of laser
cavities, indicates that the required sensitivity can be obtained.
The main disadvantage to this approach is the need for use of mechanically poor mater-
ials. The salts, such as NaC1, are very brittle, extremely soft and are hygroscopic,
making it very difficult to optically prepare them with high enough quality for in-cavity use.
Also their thermal-mechanical characteristics are quite poor (see Section 7.3 on Brewster-
angle windows). For example, with the size prism required (1-2 cm long), a one degree
change in temperature of the prism corresponds to a change in optical path length equivalent
to about 30 MHz change in output frequency. It is most desirable to find a scheme which
can reduce this thermal effect so that the requirements on the electronic system can be
kept as low as possible.
6.2.2 Internal Grating
A similar approach to the use of an internal prism is the use of an internal grating
either as a third mirror in a three-mirror scheme or as one of the laser mirrors. For
very long wavelengths, on the order of 50 _m and longer, gratings have been designed to
act as an end mirror in a two mirror laser cavity. By choosing the proper blaze angle and
groove spacing, it is possible to return approximately 90-95 percent of the cavity power
back into the cavity while the remaining power is useful output. No one has reported using
this procedure at 10 pm although there seems to be no fundamental reason why it could not
be made to work.
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6.2.2 (Continued)
The resolution of a grating is given by
kAk -
mN
where hk is the Rayleigh limit, k is the wavelength, m is the order and N is the
number of rulings used. A typically available grating for use at 10 pm has a ruling of about
105 grooves/m (100 grooves/mm) and for a 10 -2 meter (1 cm) diameter laser beam the
resolution would be about . 01/_m for the first order, sufficient for the separation of the
nearest CO 2 laser lines.
Although grating selection does have the necessary sensitivity, the mechanical com-
plexities associated with installing such a device as a laser mirror inside the laser cavity
would be more difficult than the effort would be worth, especially since other schemes
could be implemented more easily.
6.2.3 Cavity Length Control
Because of the narrow spacing between adjacent CO 2 laser lines and the narrow Doppler
linewidth, some discrimination in wavelength can be obtained by length tuning the cavity.
Consider, for example, the condition for which oscillation is permitted on one line, k 1,
but denied for the other, k 2. That is, the optical separation of the cavity mirrors is chosen
such that a node exists for k 1 at each mirror (oscillation permitted), and a node at one
mirror and an antinode at the other mirror for k 2 (oscillation not permitted). The minimum
mirror separation, _, for this condition is given by
2.
N h NX 2 k 2
2 2 4
where N is the number of half wavelengths between the mirrors. As an example, choose
k1- k 2 = AX as 0.02 pm as atypical case for the CO 2 laser operating at 10.6 /_m.
This is the approximate separation of nearest P-type transitions in CO 2 . The above equation
can be reduced to
klk 2 k2
= TX-_ _---X-
= 1.4 x 10-3 m (1.4 mm)
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6.2.3 (Continued)
Even multiples of this length will provide conditions for which both lines can simultan-
eously oscillate. Odd multiples of 4 will only allow one of the two lines to oscillate at a
time. The choice of which line is to oscillate is controlled by fine tuning the length over a
quarterwave distance. Unfortunately, the CO 2 laser has several lines of about equal gain
continuously spaced at about . 02 pm, and it is not possible to discriminate against them all
with this technique alone. However, by choosing the optical path separation between laser
mirrors equal to an odd multiple of 4, the number of possible lines which could oscillate
for a particular mirror setting can be substantially reduced and the ones which could oscil-
late will not be nearest neighbors. This, in effect, serves as a gross wavelength selector
which may relieve some of the strain on other wavelength selection schemes, especially
prism selection.
6.2.4 Frequency-Selective Etalon Techniques
The various wavelengths which can be emitted from the CO 2 laser arise from the
possibility of transitions from closely spaced rotational J levels of one vibrational band to
another. Because of the regularity in the spacing of these J levels, the frequency separa-
tion between wavelengths is relatively constant for those transitions which would be of
interest. For the 10.6/_m lines, the separation is about 53 GHz. With this regularity in
frequency spread, one can consider techniques for CO 2 wavelength selection similar to
those used to select a particular axial mode frequency in a . 6328 pm He-Ne laser; namely,
frequency-selective etalon techniques.
The problem then is to select one CO 2 Doppler line (50 MHz wide) from a group of Dop-
pler lines separated by 53 GHz. This can be done by designing an etalon which has a free
spectral range of about 48 GHz and a half-power bandpass of about 3 GHz. By accurately
adjusting the length of the etalon to center on the desired Doppler line (one with highest out-
put power), the etalon would not be aligned for any nearby Doppler lines. The nearest
Doppler lines which would be in alignment would be about -_10 from the desired line. As
observed by Moeller and Rigden 11, the gain of the lines at P values of _-10 from some
chosen P branch with good gain is substantially below the optimum. This verifies theoreti-
10
cal predictions by Patel .
One desirable feature of this approach is that the stability requirements on the etalon
are not difficult to achieve. The etalon cavity Q is only 48/3 = 16 instead of the 107 or
better for the He/Ne laser case. The equivalent C/2L spacing turns out to be about 3 mm.
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6.2.4 (Continued)
To maintain good etalon transmission stability, the length of the etalon need only be stabi-
lized to about 1 part in 103 , which is well within the range of unstabilized devices.
This general approach can be utilized with at least two different specific techniques.
One would involve a three-mirror cavity scheme in which three mirrors would be placed
colinear, with the separation between two of the mirrors being the required 3 mm for
wavelength discrimination. The third mirror would be separated from the first two by
the laser tube (see Figure 6-1). The surface of the center mirror facing the laser tube
would require nearly zero reflectivity and the other mirror surfaces would have reflectivi-
ties chosen to give the required Q's in the laser and the wavelength selection cavities.
The various laser wavelengths could be selected by only adjusting the linear separation of
the mirrors in the two cavities.
The other approach which appears to be more easily implemented utilizes the
frequency-selective etalon as a bandpass device used inside the laser cavity as shown in
Figure 6-2. In this case a Fabry-Perot etalon is made such that its optical thickness is
about 3 mm thick. Its two surfaces are polished flat and parallel so that the device will
serve as a typical Fabry-Perot periodic pass-band filter, whose period is determined by
the optical thickness. By varying the angle of the etalon with respect to the in-cavity laser
beam, the optical thickness can be varied sufficiently to allow tuning over the desired wave-
length range.
19
The Finesse, F , or Q of a lossless etalon is given by
rlft-
F - 1-R
where R is the reflectance of the surface of the plate. It is assumed that the reflectance
is the same for each surface. To obtain the desired F = 16, the corresponding value of
R is about 82 percent, well within the range of multi-layer dielectric coatings, even at
i0/_m.
An ideally manufactured device would have a periodic pass-band characteristic as shown
in Figure 6-3. The transmission peaks would be 100 percent, and the device would be loss-
less for the correct wavelength. The position of the transmission peaks in absolute fre-
quency space are determined by the angle the plate makes with the beam. The wavelength
for maximum transmission at first order is given by
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WAVE LENGTH SELECTION,
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Figure 6-1. Wavelength Selection By a 3 Mirror Scheme
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Figure 6-2. Wavelength Selection By Tunable Bandpass Filter
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6.2.4 (Continued)
m 2k---cos e = nt
where n is the index of refraction of the plate, t is the physical thickness of the plate,
e is the angle between the plate normal and direction of the beam inside the plate and m
is an integer. As an example, choose Germanium as the Fabry-Perot material (n = 4.00).
It can readily be calculated from the above formula that rotating the prism 13.5 degrees
around the normal will sweep the frequency pass-band until the second order starts
appearing.
The major difficulty with this approach is the attainment of high enough quality mater-
ials and precise, high reflectivity coatings. Since this device would be placed inside the
cavity, the device must have very low loss. For a CO 2 laser about 50 cm long, the cavity
loss must be less than about 5 percent for oscillation to occur. Losses can occur in the
Fabry-Perot etalon primarily from two sources, absorption and reflectivity mismatch be-
tween surfaces. The transmission characteristics as a function of these variables are
given as
(1 - a) T 2
T =
[1- (1- a)R] 2
(transmission with absorption)
and
T1T 2
2
(1 - __vf-R-1R2 )
(transmission with reflectivity mismatch)
For materials with no absorption (a = 0) and for exactly equal reflectivities R 1 = R 2
and T 1 = T2, "r = 1.0.
Generally, coating procedures will not allow reproducibility of reflectivities closer
than about-_l percent. T 1 and T 2 (therefore R 1 and R2) can be as much as 2 percent
different. Even with no absorption, the maximum r for a mismatch in reflectivities of
2 percent at a reflectivity of about 82 percent would be about 99.5 percent.
6-9
SESW-G534
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The reduction in peak transmission due to absorption can only be estimated since ac-
curate information on the absorption coefficient in Germanium at 10 pm is not available.
Measurements which have been made 20'21 indicate that the absorption coefficient is
"negligible" to 11/_m after which some structure starts to appear. Measurements in the
near infrared indicate that the absorption coefficient will be less than 10-1/cm beyond
2/_m. As an estimate then, choose a very pure Germanium sample with an optical thickness
of 3.0 mm (physical thickness of 3/4 mm) possessing an absorption coefficient of 10-1/cm.
The total single pass absorption would then be (1 - e-'075/10) = 0.75 percent. The peak
transmission of the etalon calculates to be _" = 86 percent. Although this value is too low
to be of use, it must be remembered that it is derived from a pessimistic absorption num-
ber. To get _-'s on the order of 95 percent, one would need materials exhibiting a total
single pass absorption of less than 0.2 percent. High purity Germanium with the necessary
dielectric films may indeed have absorption values of this order or better, making this tech-
nique feasible; but better measurements on the materials will have to be made.
Although there is no fundamental reason why other materials could not also be used for
the etalon, the use of Germanium offers several attractive features. It is a good material
to work to optical tolerances and its optical coefficient of thermal expansion (see Section 7.2)
is almost an order of magnitude lower than the ionic salts.
6.2.5 Search and Acquisition Techniques
Since the choice of wavelength emitted from a CO 2 laser not containing a specific wave-
length selection device is rather a random process, depending on which photons start the
laser action, a technique which essentially turns the laser on and off until the desired output
wavelength is obtained could be used. A non-critically constructed prism or grating could
be placed outside the laser cavity to disperse a portion of the laser radiation on a detector.
The prism or grating would be aligned with the detector in such a way as to allow the detec-
tor to "see" only the desired wavelength. If no energy fell on the detector after the laser
was turned on, a feedback circuit would turn off the laser excitation power and automatically
turn it back on again after a specific relaxation period had passed. The laser could be
switched on and off until it emitted at the correct wavelength.
The fundamental rate at which this procedure of random searching could occur is
limited by the relaxation time of the CO 2 laser transitions. Experiments on Q-switched
CO 2 lasers indicate that the CO 2 gas would relax to its non-excited equilibrium state within
a few milliseconds after the excitation was removed. This time constant would be much
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6.2.5 (Continued)
lower than the breakdown time of the laser gas when the laser is excited by most normal
power sources, so that the switching rate would be limited by practical rather than funda-
mental reasons. It is expected that the desired laser wavelength could be found in only a
few seconds after initial turn-on.
The big advantage to this scheme is that no intra-cavity devices need be used to wave-
length select. The detector would be the same as that used in the stabilization scheme.
6.3 HIGHER ORDER TRANSVERSE MODE SUPPRESSION TECHNIQUES
For the case of the CO 2 laser, the gain of the laser transition is nearly independent of
tube diameter, indicating the desirability of going to as large a diameter as possible as
long as the mode volume can be utilized. Unfortunately, the diffraction losses for the
higher-order modes go down as the tube diameter is increased so that the laser tends to
oscillate in many high-order transverse modes. To fabricate a relatively short, stabilized
tube and still maintain high output power, special techniques in cavity design need to be
developed to utilize the large diameter characteristics of the CO 2 laser.
There are several techniques for suppressing unwanted transverse modes. These modes
can exist in a laser even when its length is such as to allow only one longitudinal mode as in
the case of the CO 2 laser. In almost all cases, however, the basic mechanism is to obtain
differential loss between the TEMoo mode and higher order modes by diffraction. In the
case of a laser, the lowest order mode has a near Gaussian cross-sectional intensity distri-
bution within the laser tube, i.e., with energy concentrated near the center of the tube.
The higher order modes progressively have more energy concentrated further from the
center of the tube and are correspondingly affected more by the presence of the tube walls
or the size of the mirrors or whatever the limiting aperture of the laser cavity happens
to be.
It is possible to compute the losses incurred by each cavity mode for a particular choice
of mirror curvatures and separation, tube diameters, and losses due to mirror transparency,
absorption, and scattering. By choosing a mirror system so that the losses for all modes
higher than TEMoo are slightly greater than the laser gain, then only the lowest order
transverse mode will oscillate. It is therefore desirable to choose a cavity configuration
that will provide as much discrimination in loss as possible between the first and second
order modes of a cavity. If the second-order oscillation is quenched, then all other higher
order oscillations will also be quenched. The following sections discuss several techniques
for suppressing the higher-order modes.
6-11
SESW-G534
6.3.1 Aperturing
Li 22 has calculated the losses for the first and second order transverse modes for
several symmetric mirror configurations. His results clearly indicate that the best loss
discrimination can be obtained by choosing a confocal cavity. However, to obtain this high
discrimination ratio, a confocal cavity requires a Fresnel number, N , in the range of
1/2 to 1. The Fresnel number is given by
2
N = a
_k
where 2a is the limiting aperture diameter, 4 is the mirror separation, and k is the
laser operating wavelength.
For reasonably short cavities (say, 1/2 meter) and a wavelength of 10/_m (10 -3 cm),
the diameter of the tube would be limited to about 3.5 x 10 -3 m (3.5 mm). Unfortunately,
this small diameter does not take good advantage of the nearly diameter independent gain
characteristic of the CO 2 laser. By going to large radius mirrors, the tube diameter can
be increased, but at the expense of a corresponding reduction in the large differential dif-
fraction loss between the TEMoo mode and higher order modes.
Another technique that provides a good mode loss discrimination ratio is the half-
symmetric geometry. It is obtained by constructing a cavity with a flat mirror at one end
and a concave mirror at the other end. The radius of curvature of the concave mirror is
approximately equal to twice the mirror separation. In this case, the discrimination ratios
are about the same as the confocal case but for Fresnel numbers of about a factor of two
higher. The diameter of the tube may then be about a factor of _ larger than for the
confocal geometry or about 5 x 10 -3 m (5 mm) in diameter. This tube size is still rather
small, limiting the maximum output power of the laser.
6.3.2 "Cats Eye" Optical System
Another approach that can provide much larger tube diameters with good discrimination
ratios was described by Li and Smith 23, in which a lens is used within the cavity to provide
an increase in mode volume. Figure 6-4 demonstrates their system, which was used with
an He-Ne laser operating at 0. 6328/_m.
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6.3.2 (Continued) LASERTUBE
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Figure 6-4. Mode Volume Enhancement Using an Internal Lens
M 1 is a semitransparent flat mirror, M 2 is a totally reflecting flat apertured by A, and L
is a very high quality lens of focal length f. It has been shown that the region of stability
of this laser lies in the region
<1
and when L1 = _2 = _ = f the system is in an equivalent confocal geometry. For this
case, the optical beam is practically parallel inside the laser tube and will fill the entire
laser tube volume if not vignetted by M 1 or L . When the aperture A is open the system
runs multimode and has alignment characteristics of the confocal resonator. As A is
closed, the mode pattern becomes simpler until single-mode operation is attained. Align-
ment of M 1 is then critical.
The equations for the single mode beam spot sizes are given by
where
and
a I is the effective radius of M 1
a 2 is the effective radius of M2
= &l = _2 = f and
k is the laser wavelength.
0j2 are the radii of the 1/e points of the beam intensity on each mirror.
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ala 2
The effective Fresnel number for this configuration is Nef f - _k which must be
chosen properly to provide sufficient diffraction losses to keep the higher order modes from
oscillating.
To approximate the maximum tube diameter that could be used in this mirror configu-
ration with a distance between M 1 , M 2 and L of one-half meter, one needs to know the
gain of the laser transition to choose the proper value of the Fresnel number. Because this
information is not accurately established at the present time, a Fresnel number of 1/2 will
again be assumed. This value will provide a pessimistic value of the tube diameter.
Choosing N = 1/2,
ala 2 = Neff_X = 1/2x(1/2m) (10 -5m) = 2.5x 10 -6m 2
Choosing a 2 , the aperture radius, as some small but reasonable radius such as
0.5 x 10 -3 m (.5 mm), a I can then be calculated to be
aI = 1/2 x 10-2 m (1/2 cm)
or the tube diameter, 2a, can be about 1 cm. Since this represents a pessimistic number,
the use of a tube diameter greater than a factor of two larger is allowed over conventional
means discussed earlier. Reducing the small aperture diameter (2al) allows even greater
increases in tube diameter.
One obvious difficulty with this type of system is that the required length of the laser is
about twice the length of the active laser tube. It is conceivable that the system could be
folded by replacing the lens L by a converging mirror and bringing the focused beam back
to an aperture and mirror at the other end of the tube. In either case this system would be
limited to lower-power CO 2 lasers so that the power density could be kept below the damage
level at the focused point.
6.3.3 Transverse Mode Control in the CO 2 Laser by Choice of Mirror Curvature
It is well known that the laser oscillation frequencies in the longitudinal mode are
separated by the c/2_ spacing of the laser mirrors. The general expression 24 which takes
into account the oscillation frequencies of the transverse modes is given by
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C
, = _ [q+ (l+m+n) f_ (6.1a)
where
f = or-1 -1 ---_) (1 ___) 1/2
cos [(1 - bl -b2 ] (6. lb)
b I and b 2 are the radii of curvature of the two laser mirrors separated by a distance _.
The transverse mode numbers m and n can take on values 0, 1, 2, ... The longitudinal
number q is equal to the number of half wavelengths in the distance d . The modes are
labeled TEMqm n For each value of m + n , there is a set of frequencies with a common
separation v 0 = c/2_, corresponding to 5q = 1. Such a set can be called a transverse
mode set, The frequency difference between mode sets is given by the second term of the
above equation:
5_5(m+n) = (_) fA(m+n) (6.2)
The factor f can vary between zero and 1/2 if the values of ¢ , b 1 and b 2 remain within
the boundaries of the stable regions given by
0<f_11- 1)(b_- 1)<1 (6.3)
For the case of the CO 2 laser, selection of mirror curvatures can move the required oscil-
lation frequencies outside the Doppler line for almost all but one transverse mode.
By choosing the frequency difference between mode sets equal to the Doppler linewidth,
oscillation on only one set at a time can occur. Setting the requirement of
5 v 5 (m + n) = 50 MHz (the Doppler width at half height for CO 2), the restrictions on f
and, therefore, the mirror radii can be computed.
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Using Equation (6.3), the lower limit of f can be computed by choosing A(m + n) = 1
5v/x(m +n) = 50 MHz = (_-) fin
and
50 MHz
f>
This value of f is plotted in Figure 6-5 for several cavity lengths.
1124 _
1/4 1/2
V
1 1 1/2
MIRROR SEPARATION,,/_,(METERS)
Figure 6-5. Allowable Values of f for Single Transverse
Mode Operation in a CO 2 Laser
For greatest mode discrimination, it would be desirable to operate as close to the
minimum value of f as possible. If the laser is operating on the TEMoo mode, there
exists a combination of frequencies for each successive higher order mode separated from
each other by a frequency determined by f. For example, if the laser cavity were chosen
c
as 1/2 meter long then the _-_ spacing would be 300 MHz. With the frequency separation
between the higher order modes being 50 MHz, overlap of frequencies would occur after
the sixth highest mode was reached. That is, the lowest order mode would oscillate as
well as the 7th order mode and 13th order mode, etc. A slight amount of diffraction loss
would be required to ensure that these very high order modes would not also oscillate.
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For laser tubes longer than about 1-1/2 meters, multiple transverse mode operation
is allowable for any mirror curvature unless other techniques, such as diffraction loss
control, are used to inhibit multiple modes.
The above results indicate that a hemispherical, confocal, or relatively "fast" optical
cavity should be effective in discriminating against unwanted modes. However, this tech-
nique does not allow choice of a particular transverse mode in that any mode whose fre-
quency lies under the Doppler curve is free to oscillate. The exact spacing of the cavity
mirrors could be controlled so as to choose the proper frequency.
The main disadvantage to this technique seems to be the small optical mode volume
resulting from the requirement of relatively "fast" optical systems.
As an example, consider a 1/2 meter cavity with mirrors of equal radius of curvature
(b 1 = b 2 = b). From the graph f = 1/6 and using equation (6.1b), the value of b is
calculated to be
b _ 3.7 meters
That is, if the curvature of the mirrors is kept at about this value, and a small amount of
diffraction loss is imposed on the higher order modes, then the laser can only operate on
one transverse mode. For this length of laser, only one longitudinal mode can exist; there-
fore, the laser must operate single frequency.
The relatively fast optical system above results in a fairly small mode volume inside
the laser tube which tends to limit the output power. In the above example, the mode radius
at the 1/e power points (u_) can be calculated from cavity resonator theory. The pertinent
equation is
4 )_ 2 b2_
= (-'_-) 25 -_ (6.4)
¢_ = 1.7mm
The maximum active tube diameter would then be --_4o_ or about 6.8 mm. Although this
value is somewhat larger than seen in previous sections, the technique described in the
following section allows about a factor of two improvement over this figure.
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6.3.4 Diffraction Coupled Output Mirrors
As mentioned earlier, the practical techniques generally used to prevent the higher
order TEM modes from oscillating in gas lasers usually involve aperturing of the internal
laser beam, usually by the laser tube walls. Although quite effective, this technique always
imposes rather large losses on the lowest order mode, substantially reducing the power
output capability of the laser. This technique is especially lossy for high gain devices where
large losses must be imposed to prevent higher order modes from oscillating.
The technique described below converts the energy which would ordinarily be lost
internally to useful laser output, thus increasing the total output power capabilities of the
laser.
For the case of the CO 2 laser, the value of the tube diameter is not an important param-
eter in the optimum gain of the tube and can be made large enough to have no effect on the
field distribution within the laser. By making an output mirror with a small, 100 percent
reflecting spot deposited on a transparent window, the laser output can be taken from
around the spot. The size of the spot would be chosen to provide the correct amount of
feedback to the laser cavity. Since the mode diameters of progressively higher order modes
are increasing, thus moving their power densities to larger diameters, the higher order
modes will not oscillate due to the large loss around the output mirror. The mirror size is
chosen to keep all but the lowest order mode from oscillating. Then all of the power in the
lowest order mode which would normally have been wasted in diffraction losses is converted
to useful output.
In general, this technique of diffraction coupled output mirrors can provide the greatest
single mode power output of any coupling scheme. Power enhancements in high gain lasers
by a factor of 10 have been observed over conventional techniques 25 Also, by making the
mirrors with a large radius of curvature, the mode volume can be made large while still
maintaining good mode discrimination. It is expected that total lowest order mode sizes
inside the laser tube can be made about 12 mm in diameter using this technique on a 50 cm
long tube.
Because of the blocking of the central part of the beam with the mirror spot, a near
field beam pattern will have a donut shape to it. The donut ring will radiate by diffraction
losses characteristic of its annular width and a bright spot will periodically appear in the
center of the donut as one moves away from the laser. This alternating center intensity
effect disappears when one passes into the far field region of the beam and one notices a
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Fraunhoffer diffraction pattern characteristic of an annular disc. The diffraction pattern
from this type of output coupler is similar to that from the standard transparent mirror
coupler where the diffraction pattern is determined by the diameter of the output beam,
except that slightly more power is thrown into higher order rings around the central
m aximum.
Experimental studies on this type of mode discrimination will be studied during the
next phase, utilizing some stable lasers being constructed on the Sylvania Independent
Research and Development program.
6.4 SUMMARY
One of the requirements imposed on the laser is that it be capable of being heterodyned
with another similar laser. This immediately puts a strong requirement on the wavelength
and mode characteristics of the laser. That is, the output wavelengths of the two lasers
must be identical, and they should be operating on the lowest order mode. Since the CO 2
laser normally will run on one of several wavelengths, special precautions must be taken
to control the operating wavelength.
None of the techniques for wavelength control discussed in the previous sections has a
clear cut advantage over the others in that there are some disadvantages with all techniques,
even though all of them can be made to work. The search and acquisition approach may be
the best in the long run primarily since no internal cavity device is needed. Some wavelength
selection is automatically achieved by the basic cavity itself, easing the requirements on all
of the other techniques. It should be possible to experimentally determine the capabilities
of the various internal cavity schemes, such as prism selection and the novel frequency-
selective etalon technique, without much difficulty once a suitable laser is available.
The preferred mode control technique is the approach utilizing a diffraction-coupled
output mirror. This technique allows good mode control while still allowing large mode
volumes and higher output power. It seems well suited to the high-gain CO 2 laser.
See Born and Wolf, Principles of Optics (MacMillan Co., New York, 1964), p. 417.
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Section 7
LASER TUBE DESIGN AND EXCITATION TECHNIQUES
7.1 INTRODUCTION
The operation and construction of the CO 2 laser tube is uniquely different in several
respects from the laser tubes which have been constructed for use in the visible portion of
the spectrum. It is the purpose of this section to outline the major differences and indicate
some of the preferred approaches to the design of a suitable laser tube for the purpose of
this contract. Most of the information here has been gathered either from the literature on
CO 2 lasers (see Appendix B) or from the Sylvania Independent Research and Development
program on CO 2 lasers.
7.2 EXCITATION TECHNIQUES
As with other types of gas lasers, the CO 2 laser can be excited by an electrical dis-
charge in the active laser region. Early experiments, however, were performed by exciting
the gas in a separate tube and then pumping the gas into the optical cavity where lasing could
occur. This technique was used primarily for the expediency of the experiment, and it was
soon discovered that a simpler, more direct excitation scheme was possible in CO 2 . All
of the usual schemes (A. C., D. C. , R. F. ) of excitation have been attempted with nearly
equal lasing efficiency (power dissipated in the tube vs. laser output power) for similar
geometries. The overall efficiency of the A. C. or D.C. systems seems to be somewhat
higher than the R.F. systems due to a higher overall conversion efficiency of prime power
to gas discharge power. Tube efficiencies on the order of 13-15 percent have been observed 9
for long, high power tubes. However, shorter tubes show much lower efficiencies due to the
nonlinear drop in output power as the tube is made shorter.
The advantages of the various excitation schemes are relatively straightforward. The
A.C. scheme offers a big advantage in its simplicity. Readily available neon sign trans-
formers have about the right voltage-current capabilities to drive the CO 2 laser. If longer,
higher power tubes are desired, more transformers can be added in sections along the tube.
For a pure, stable laser, the A. C. technique cannot be used since the output is i00 percent
modulated at 120 cps.
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The D. C. excitation approach, as well as the A. C., utilizes internal electrodes. In
general, hot cathodes cannot be used in the laser because of cathode contamination due to
the CO 2 gas. Usually cold cathodes are used. Inevitably, the presence of cold metal
electrodes inside the laser results in some electrode sputtering when the tube is operating.
The electrodes then act as an ion pump, pumping the laser tube gases by adsorption and
chemical reaction. Although the rate can be reduced to fairly low values by proper elec-
trode design, it is always present and appears to be the limiting factor in the active life-
time of the laser tube. Within periods of only several hundred operating hours, the pressure
inside the tube is reduced below the required lasing level and the tube needs refilling.
With R. F. excited tubes, the sputtering problem is eliminated since the R.F. is intro-
duced into the laser tube through the glass walls of the tube. Therefore, no metal parts
whatsoever need be placed within the tube. Thus, R.F. excitation should extend the life of
the tubes considerably. The disadvantage with R. F. excitation is its slightly lower efficiency
and incompatibility with most liquid cooling systems. As pointed out in Section 2, the laser
wall temperature has a marked effect on the output power of the laser. By keeping the tube
walls cooled, the power output can be greatly enhanced n often by at least a factor of 2.
Studies on the difficulties of utilizing R. F. excitation in the presence of cooling fluids with
high dielectric constants such as water and techniques for solving these difficulties are
major portions of the Sylvania Independent Research and Development program.
For the present program, it is expected that R. F. excitation would be most desirable
not only for the lifetime considerations but also from a plasma noise viewpoint. There are
indications 26,27 that schemes involving R° F. excitation provide a "quieter" plasma than
other excitation schemes allowing lower system noise in any frequency stabilization scheme.
However, the problems associated with R. F. pickup in the stabilization circuitry will have
to be eliminated for the R. F. excitation approach to be of any significant advantage in this
area.
7.3 BREWSTER ANGLE TUBES
As with conventional lasers, the CO 2 laser can be constructed with Brewster angle
windows terminating the tube, providing a polarized laser output. The power output from
these tubes can be made comparable to tubes with internal mirrors and allows inter-cavity
expe rimentation.
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The desired characteristics of the material used as Brewster angle windows are:
a. Negligible absorption and scattering loss in the thickness required (a few mm)
at 10 pm.
b. High internal homogeneity (Schlieren-free).
c. Relatively low index of refraction (less than 2) so that the Brewster angle will not
be too large.
d. Mechanically stable, easily worked to the required optical tolerances.
Unfortunately, none of the available materials possess all of the above qualities, and a
compromise choice must be made. Germanium and some of the salts such as NaC1 and KC1
come the closest in that they do have very low absorptance and scattering at 10 pm.
However, Germanium has a very high index of refraction (n = 4. 0), making the Brewster
angle about 76 degrees. For short tubes near 1/2 meter long, approximately 30 percent of
the tube is wastefully taken up by the Brewster windows. For longer tubes, the proportion
can be much less, but for the present program only short tubes will be considered. The
mechanical properties of Gerrmnium are quite good, and it would be preferred from this
viewpoint.
Brewster angle windows constructed from NaC1 or KC1 would be ideal but for their very
poor mechanical stability. They are very brittle crystals and crack easily. Also they are
hygroscopic and dissolve rapidly in water, and they are very soft and difficult to polish to the
required optical tolerances. Even with these difficulties, the salts appear to be the better
choice for short tubes. With care and much patience, high quality windows can be generated
and with proper packaging techniques, the windows can be kept dry for an indefinite period
of time. They offer an additional bonus in that they are transparent in the visible also,
which helps in cavity alignment.
The choice between NaC1 and KC1 is rather arbitrary in that they have almost identical
properties as far as 10 pm absorption, moisture solubility, and optical working character-
istics. For the application to the present program, the combination of the coefficient of ex-
pansion and the temperature coefficient of refractive index indicates that KC1 may be the
better choice as demonstrated in the following paragraphs.
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For the high stability lasers, it is important that the optical cavity be thermally com-
pensated so that any change in temperature will result in only a very small or no change in
the optical separation of the laser mirrors. The effects of the windows on the optical path
can be seen by evaluating the effective optical coefficient of expansion. The optical thickness,
, of the Brewster window can be written as
O
4 = nt/cos 8
0
where n = index of refraction and t = mechanical thickness, and
angle with respect to the window normal.
The change in this thickness with temperature is
O is the internal beam
d_
o _ 1 (n dt dndT cos 0 d-T + t_--_ )
From this an equivalent optical coefficient of expansion can be derived which turns out to be
dn
Sop = n{_mech +
where _mech is the typical mechanical coefficient of expansion and dn/dT is the tempera-
ture coefficient of refractive index. _ is in units of optical thickness/physical thickness/
op
°C.
It is most desirable to choose a material for which
op
following table compares the values for NaC1 and KC1.28,29
is the smallest at 10 #m. The
Table 7-1. Several Properties of NaC1 and KC1 at 10 pm
_mech dn/dT n Sop
NaCI
KCI
3.9 x i0-5/°C -2.0 x 10-5/°C i.49
3.6 x 10-5/°C -2.5 x 10-5/°C i.46
3.8 x 10-5/°C
2.8 x i0-5/°C
Although not small, the lower _ indicates KC1 has a definite advantage.
op
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7.4 INTERNAL MIRROR TUBES
The problems associated with Brewster angle tubes can be eliminated by putting the
cavity mirrors inside the laser tube vacuum envelope. Because of its simplicity and lower
cost, this technique has most certainly been used most often on the CO 2 laser. Its only
big disadvantage is the inaccessibility to the optical beam between the mirrors and the
difficulty of manipulating the mirrors.
For this program, the stability scheme will most certainly require that one or both of
the laser mirrors be mounted on piezoelectric stacks which are not manufactured with high
vacuum applications in mind. Also, internal mode selecting devices would possibly be re-
quired which would be difficult to adjust externally. It is felt that the Brewster angle tube
would be more desirable -- at least in the earlier stages of the program.
7.5 SUMMARY
In general, the optimum design and excitation techniques used on the CO 2 laser depend
on the particular application and goal. For the purposes here, where high stability and
mode control characteristics are the prime objectives, it appears that the laser tube should
be designed so that R. F. excitation can be used. Also, the tube should be a Brewster angle
tube with special precautions taken in the packaging of the tube to eliminate deterioration
of the windows. The best window material for the purposes of this program is potassium
chloride.
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Section 8
MECHANICAL STABILIZATION TECHNIQUES
8.1 INTRODUCTION
The inherent spectral width of the output from a single frequency CO 2 laser is extremely
narrow as demonstrated in the following paragraph. In practice, however, it is impossible
to achieve this narrow spectral width. Mechanically and acoustically excited vibrations of the
laser structure and mirrors considerably broaden the spectral width, and thermal changes
cause the mean frequency to drift. The mechanical design of the laser structure, therefore
becomes very important for a high stability laser, especially in the areas of acoustical iso-
lation shielding and thermal control.
The fundamental reason that the output from a laser has a finite inherent spectral width
rather than a pure sine wave is due to the random nature of the internal processes in the
laser. The expected value of the inherent spectral width has been derived by a number of
investigators using several methods. The result has been about the same in all cases.
30
Siegman has given a particularly complete analysis which shows the inherent spectral
width to be:
5f
OSC 1)
OSC
where h is Planck's constant, f is the oscillating frequency, Posc is the output power from
the laser, and 5f is the width of the cavity resonances without the gain of the laser material.
Given the cavity length L and the average loss per pass 4, hf may be calculated by
C5f -
2L
Assuming, for the case of a highly stabilized CO 2 laser, that the cavity length is 50 cm,
the average loss per pass is 30 percent, and the output power is 1 watt, the inherent spec-
tral width is
hf = 5 x 10 -5 Hz
o$c
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or
= 1.7 x 10 -18oso
8.2 VIBRATION EFFECTS
What happens in practice is that the single-frequency output with this narrow spectral
width wanders in frequency due to relative optical position changes of the laser mirrors.
When spectral width is measured in an experiment, these wanderings of the output frequency
are averaged by the measuring instrument. The spectral width measured is a function of
the amplitude and frequency spectrum of the mirror vibrations and the averaging time con-
stant of the measuring instrument.
A lower limit for the magnitude of the frequency wandering can be predicted. Assuming
no transverse vibrations of the elements of the structure supporting the laser mirrors, the
spectral width due to thermal excitation of the lowest frequency longitudinal mode of the
31
structure may be calculated. Siegman has performed the calculation with the result
thermal
vibration
where k is Boltzman's constant, T is the absolute temperature, Y is Young's modulus of
elasticity and V is the volume of the supporting structure.
3
Assuming for a typical high stability CO 2 laser that V = 1700 cm and the material is
invar,
or
10-15thermal = 3 x
vibration
5fthermal = 8.4x10 -2 Hz
vibration
If acoustical and mechanical vibration inputs to the structure have significant power at
longitudinal mode frequencies of the structure, the magnitude of the wandering of the laser
frequency will be increased further. In addition, real laser structures may have elements
with beam-like or plate-like geometries. Beams and plates have transverse vibration
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modes which may occur at quite low frequencies. Also, the joints between elements may
have low-frequency modes. If any of these additional vibration modes occur at frequencies
included in the power spectra of the acoustical and mechanical vibration inputs, the frequency
wandering of the laser will be even further increased.
There is little specific data available on CO 2 lasers, but the same acoustic and vibration
noise problems have been measured for other lasers. A significant amount of data on spectral
width has been reported for helium-neon lasers, and this data gives an indication of what can
be achieved under various conditions with various designs.
Javan and Jaseja et al 32, 33, 34 have reported measurements of the spectral width of
their helium-neon lasers in a series of experiments conducted in quiet to extremely quiet
conditions. In the first report of the experiments 32 in January 1962, the oscillation fre-
quency was reported to be taking place over an extremely narrow spectral width measured to
be better than 1 part in 1014. This narrow frequency wandered by about 100 KHz due to
microphonic or vibration effects.
In a second report on the continuing experiments 33 in November 1962 the wandering due
to vibrations was reported to be less than 100 Hz. Finally, in March 1963 the spectral
width due to vibrations was reported to be 20 Hz. This was only an order of magnitude
larger than the value they calculated for the thermal vibration limit of their laser.
Bennett 35 reports that E.A. Ballik achieved a spectral width measurement of less than
0.5 Hz in a similar experiment. Data on the laser is not given, but this is probably close
to the thermal vibration limit. Table 8-1 shows the results of these experiments.
Table 8-1. Summary of Experiments With 1.15 Micron HE-NE Laser
In Quiet Surroundings
if
Experimenter (-f--) vibration Reference
-10
Javan et al 3.8 x 10 32
Jaseja et al 3:8 x 10 -13 33
Jaseja et al 7.7 x 10 -14 34
Ballik 1.9 x 10 -15 35
This group of experiments was conducted with moderately rugged lasers in experimental
laboratories with extremely careful acoustic noise and vibration control. The experiments
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8.2 (Continued)
show that isolation of the laser structure from sources of vibration excitation is an effective
way of reducing the wandering of the output frequency from a laser.
Other investigators have made spectral width measurements in more usual laboratory
environments and in field environments. Baird, et al36 measured the spectral width for the
beat between two of their own single frequency lasers as 10 MHz. They reported 37 similar
measurements on another pair of single-frequency lasers as 200 kHz.
At the Sylvania laboratory several measurements have been made between pairs of com-
mercial Spectra-Physics Model 119 single-frequency 6328A ° lasers. Targ 38 has measured
the beat width under standard laboratory conditions as 100 kHz. Kerr 39 measured the beat
width as 10 kHz under good laboratory conditions and 200 kHz under field conditions with the
lasers separated by 300 feet and with an automatic frequency control loop (AFC) feeding
back to the internal piezoelectric length adjusting transducer in one laser. This AFC loop
maintained the average offset frequency between the lasers.
Table 8-2 summarizes the results for single-frequency 6328A ° helium-neon lasers. The
data has been put into a standard from and adjusted to apply to a single laser by assuming
the beat width is the square root of the sum of the squares of the two identical laser widths.
Table 8-2. Summary of Experiments With Single-Frequency 6328A ° HE-NE Lasers
Experimenter (-_) vibration Conditions Reference
Baird et al 1.5 x 10 -8 Exp° laser in lab 36
Baird et al 3 x 10 -10 Exp. laser in lab 37
-10
Targ 1.5 x 10 #119 in Stand. lab 38
Kerr 1.5 x 10 -11 #119 in Best lab 39
Kerr 3 x 10 -10 #119 in Field 39
After considering the experimental results summarized in Tables I and II we come to
the following conclusions concerning a CO 2 laser structure for frequency stability greater
than 1 part in 1010:
1. The laser must be at least as insensitive to vibrational excitation as the commercial
Spectra-Physics Model 119 single-frequency He-Ne laser and should be better.
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2. Sophisticated acoustical and mechanical vibration isolation must be provided for
the laser structure.
8.3 THERMAL EFFECTS
In addition to the wandering of the extremely narrow laser output frequency about some
mean value as a result of vibration, the mean frequency will drift due to temperature vari-
ations, producing changes in the mechanical and optical lengths in the laser components.
This drift must be minimized so that the total optical path variation will stay within the range
of a length control servo system. For the stabilities of interest, thermally compensating
structures and temperature control must be used. The following paragraphs derive the
pertinent equations for thermal analysis.
The cross section of a typical CO 2 laser is shown in Figure 8-1. The laser is composed
of a mechanical structure of length L s, a thermal compensating element of length L c, two
laser mirrors, and a laser tube containing two Brewster angle windows of thickness W. The
Brewster angle windows make an angle, _ , with respect to the axis.
A light ray from one laser mirror to the other goes through an air path of length L a,
through one Brewster angle window, through the length of the laser tube, through the other
window, through another air path L a, and arrives at the other laser mirror.
Using subscripts a for air, w for Brewster angle windows, _ for inside the laser
tube, c for the compensating element, and s for the structure, we may derive an equation
for the optical path between the laser mirrors in terms of the mechanical and optical con-
stants of the individual elements.
Let L equal the optical path between the two mirrors, and let n be the index of
refractions. Then
+ 2n L + n2L _L = 2naL a w w (8-1)
Now
and
n W
n L = w (8-2)
W W COS
1
= -L_-4Wsin O) (8-3)L a _- (L s - L c
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8.3 (Continued)
Therefore,
2n W
L=n a (L s-L c-L#.-4wsin _) + w +nLL#.
COS (_
(8-4)
We are interested in the variations in L with respect to the temperature, T.
the derivative of L with respect to T we get
SL s 3L ) 5n
dL
- n c a
dT a\ 5"T" 5T + (Ls - Lc " L_-4Wsin_) 5T
+ 2W 5n + .( 2nw 4n sin _)
w 5W
cos (_ T \c-os } a 5T
5L £ b n L
+ (n&-na) 5T + LL 5T
Now the coefficient of thermal expansion (_ is defined by
5L.
1 1
_i = L. 5T
I
and Equation (8-5) can be written
5n
dL = a
d-'_- na(Ls _s - Lc_c) + 2La 5 T
_n2W w
+
cos ¢ 5T
2n w 4n+ c-os ¢ a sin,)w%
Taking
(8-5)
(8 -6)
_n g
+ (n£-na) L£_4+L 6 5T (8-7)
The next to last term is negligible since n#. and n are both very close to 1, and thea
last term is negligible because the gas in the laser tube is at low pressure and hence n#.
is exceedingly close to 1. Therefore, 5n2/5 T is negligible.
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So finally to first order
dL
dT
_n
a
= na(Ls_s - Lc_c) + 2La 5T
[ (2n )]w w sin ¢ _w+ W cos ¢ 5T + c_ ¢ - 4na
Now frequency stability is related to length stability by
(s-8)
Af=_ AL
7 L (8-9)
Therefore, the change in frequency stability due to a temperature change A T is given by
5T 5T
AT
1 In _sAT - Lc_cATc)L a (Ls s
5n
+ 2L a AT
a 5T a
2 5n w+ W cos ¢ 5T (8-zo)
The first term represents the effect of the structure and compensating element; the second
term represents the effect of the air path; and the third term represents the effect of the
Brewster angle windows.
An obvious method of preventing thermally induced frequency changes is to maintain the
temperature constant so that AT s, AT c, ATa, and AT w are all zero. Then each term in
the expression is identically zero. Another approach would be to have the terms cancel each
other by some means so that they collectively equalled zero, or a combination of having some
terms cancel and others individually equal zero could be used. Design approaches to achieve
thermal stability will be discussed below in Section 8.4.
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8.4 VIBRATION CONTROL
8.4.1 Structural Stability Requirements
In order for a structure to be stable against vibration, it is necessary that the mechan-
ical resonances of the structure not be at frequencies within the main power spectrum of
acoustical and mechanical vibration noise inputs.
Acoustical noise and mechanical vibration noise are actually identical quantities, but
we will define them as two separate noise sources. Acoustic noise will be defined as noise
energy transferred as sound waves through the air, and mechanical vibration noise will be
defined as noise transferred through the structural mounting.
The main power spectrum of both acoustic and mechanical vibration noise is at low
frequencies. The peak of the acoustic spectrum usually occurs at less than 500 Hz. In
both types of noise, however, there will be occasional shocks with frequency components
of up to perhaps 30 kHz. The fact that most of the noise power spectrum for vibrational
excitation occurs at low frequencies, together with the fact that high frequency noise is
easier to isolate from a structure than is low frequency noise, dictates that the CO 2
laser structure should be designed to make the structural frequency resonances as high as
can be achieved.
The frequency of the lowest longitudinal resonance of a laser cavity structure is deter-
mined by the cavity length. This frequency is given by the equation
C
_ s (8-11)fL _ 2L
where C s is the velocity of sound in the structure, and L is the structure length.
In choosing a length for the CO 2 laser, one must make a "trade off" between high
longitudinal mode frequency and stiffness against bending distortion on the one hand and
high output power on the other. Assuming a structure made of invar for thermal stability
reasons, Table 8-3 shows the lowest longitudinal frequency for various cavity lengths.
Table 8-3. Lowest Longitudinal Mode Frequencies In Invar Laser Cavities
Cavity Length Frequency
lm 2kHz
50 cm 4 kHz
20 cm 11 kHz
10 cm 21 kHz
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8.4.1 (Continued)
Once a trade off is made and a cavity length is chosen, then a design of the remaining
structure must be chosen to keep from lowering the basic first resonance. The individual
elements of the structure must be chosen with geometries and methods of support (boundary
conditions) such that they do not have low frequency transverse resonances. The first step
is to eliminate all simple beam and thin plate elements which have low frequency transverse
resonances. This usually leaves complex structures and calculations become increasingly
difficult. However, by a combination of calculation, intuition, and experiment, good struc-
tural elements maintaining high frequency resonances can be designed.
When the configuration and method of support for the elements of the structure have
been determined, the elements should then be redesigned using sandwich construction with
visco-elastic adhesives to provide high damping of the high frequency resonances.
The joints between the elements of the structure must then be considered. These joints
must be designed so that they do not have any low frequency resonances. Especially critical
are the joints perpendicular to the cavity length. One particularly good design for these
joints is to use large contact areas under compressional stress. The spring constant of the
joint will then be high. Designs with joints using only the spring force of a few screws to
connect significant masses must be avoided.
In summary, the structural designer must be extremely careful to provide a laser
structure with resonances only at high frequencies. Damping must then be provided for all
structural elements to minimize vibrations as much as possible.
8.4.2 Acoustic and Mechanical Vibration Noise Isolation
Once a laser structure with only damped high frequency resonances has been achieved,
it is still necessary to provide acoustic and vibration noise isolation in order to achieve
one part in 1010 frequency stability.
The traditional method of achieving such isolation is to mount the laser cavity in a box
lined with acoustical padding and to support the mass of the box and laser on a series of
damped low spring constant springs. This method was used by Rabinowitz, et. al40 to
achieve one part in 1010 or better frequency stability with a helium-neon laser.
Acoustical padding techniques are perfectly acceptable methods of isolating against
acoustic noise. However, the main problem associated with using a damped spring isolator
for mechanical vibration noise isolation is that the angular and spatial position of the laser
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8.4.2 (Continued)
beam with respect to a base plane is very erratic and indeterminant. Such a situation is un-
acceptable for many applications and, if possible, techniques should be devised to mechan-
ically stabilize the laser mounting structure.
A mechanical vibration noise isolator which does maintain rigid alignment of the
laser beam with respect to the base can be made with a series of "layered media". The
acoustical impedance of each layer is chosen so that a large impedance mismatch occurs at
each interface. This causes large reflection of acoustic waves at the interfaces. The
materials in the layers are further chosen to produce high acoustic wave absorption co-
efficients.
The net result is that mechanical vibration noise energy which must go through the
"layered media" in the form of acoustic waves is reflected by the series of interfaces and
the energy is absorbed in the layers. This is achieved while maintaining rigid alignment of
the laser beam with respect to the base.
In addition to the "layered media" isolation at the bottom, the laser structure must be
completely enclosed on the top and all four sides with a box containing acoustic damping
material. This box may be made the main structural support member for bending if port-
ability and ruggedness is desired. It is also desirable that the top and sides of this box be
made with sandwich construction so that they will be heavily damped and not resonate.
Also extreme care must be made in the choice of components to be used near or within
the laser structure which could be a source of vibration energy. A constant flowing gas
system for the CO 2 laser would not be tolerable because of the vibration problems asso-
ciated with a mechanical vacuum pump. Also the frequency modulation scheme to be used
within the laser structure should be electro-optic in nature. The modulation scheme utilizing
an oscillating mirror, which may be acceptable from the electronic point of view, would be
a source of vibration which would be difficult to counteract.
Two CO 2 lasers have been built utilizing many of the ideas discussed above as part of the
Sylvania Independent Research and Development Program. The laser cavities are shown in
Figure 8-2. Noise isolation is achieved by putting the high resonance frequency laser cavity
in an acoustic isolation box within an acoustic isolation box. The "layered media" at the
bottoms and the acoustic isolation on the top and sides is clearly visible in the partially
disassembled cavities.
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8.4.2 (Continued)
Construction of these cavities has only been recently completed. CO 2 lasers will be
installed soon, and vibration isolation measurements will be made by laser heterodyne
techniques.
The cavity for the stabilized CO 2
to these company-sponsored lasers.
8.5 THERMAL DRIFT CONTROL
laser being designed for this program will be similar
The design will follow the philosophy outlined above.
In Section 8.2 an equation was derived which related frequency stability to temperature
changes for the typical CO 2 shown in Figure 8-1. This equation was
5(_) 1
AT=-_
5T L
na(LsG s i T s " Lc_ c i T o)
_n
+ 2L a 5T
a 5T a
2 5nw + w 4n sin 5T w+W cos ¢ 5T @ a
Thermal changes occur slowly and can be compensated for relatively easily by an
automatic length control system, provided the range over which the length must be com-
pensated is limited.
(8-12)
It is important that the relative magnitude of the terms in the equation be known. As
an example, a typical case has been computed. In Table 8-4 the dimensionless form of each
term is shown for a one°C temperature change in that element. Again assumptions more or
less typical for high-stability CO 2 lasers have been made. We have assumed that the struc-
ture is made of special high-purity invar 41 such that (z = 1.8 x 10-7/°C and have assumed
s
L s = 50.3 cm. The compensator is assumed to be made of aluminum with (xc = 24 x 10-6/°C
and L c = 0.3 cm. The Brewster windows are assumed to be made of KC1 3 mm thick with
, nw/ 10-6 10-6 = 3 ore,n w =1.46 5 5T---25x /°C and_w =36x /°C. We have assumedL a
n a = 1.00027, and 5na/ST = 9.3 x 10-7/°C. The mirror separation L is 50 cm.
For the CO 2 laser case assumed, all the terms are on the order of 10-7/°C. The
structure and compensator terms can of course be varied by changing dimensions and co-
efficient of expansions. The Brewster angle window term can be varied slightly by changing
window thickness, or it can be eliminated by changing to an internal mirror laser tube.
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The effect of the air path term can be eliminated by evacuating the path or by changing to an
internal mirror laser tube, or it can be reduced by using a helium-filled path.
Table 8-4. Relative Magnitude of Thermal Frequency
Drift Terms for One°C Temperature Change
Term Magnitude
naLs_ s 5 T s I. 8 x I0-7/°C
L
-naLc_cAT c -1.4 x 10-7/°C
L
_n
a
2La--_- _- AT a 1.1 x 10-7/°C
L
! 2 Bnw (cos2nW _)_wl 10-7/°CW cos _ _T + 4n sin AT -3.57x¢ a w
L
Sum of Above Terms -1.1 x 10-7/°C
8.5.1 External Temperature Control
One method of designing a low thermal drift CO 2 laser is to provide external tempera-
ture control. The compensating element can be eliminated and the temperatures maintained
constant on the structure, the air path, and the Brewster angle windows. By this method,
the total range of drift can be held so that it does not exceed the range of the control system.
Most control systems of this type have only the ability to add heat. They must, there-
fore, be operated at an elevated temperature in order to use the environment as a heat sink.
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The use of an elevated temperature can be a problem. Some materials can decompose and
optical surfaces can become containinated due to migration of volatiles.
In the case of the CO 2 laser, however, the elevated temperature may be an asset in
that the drier air would prevent attack by water vapor of any salt Brewster windows attached
to the laser tube.
A good temperature-controlling system should be capable of maintaining the temperature
within the laser cavity (laser tube on or off) to within a few degrees Celsius. For the ex-
ample in Table 8.5, then, the expected drift from thermal changes would be about 5 parts in
107 which corresponds to about 15 MHz for the CO 2 wavelength.
8.5.2 Thermally Compensating Structures
Another method of designing a low thermal drift CO 2 laser can be obtained by choosing
the terms of the thermal drift equation to exactly cancel each other for as broad a tempera-
ture range as possible. For one element to compensate one or more other elements the
temperature changes experienced by each must be identical. Such an assumption of several
elements all experiencing identical temperature changes may not be bad if the changes are
due to very slowly varying environmental changes or to slowly varying changes of a liquid
temperature control fluid which is controlling the temperature of each of the elements.
Such an assumption would certainly be bad if cyclical variations in temperature with signifi-
cant thermal lag between the elements was occurring.
The simplest thermal compensation method is the so-called "bimetallic" compensation
provided by adjusting the compensator term to just cancel the structure term. The assump-
tion of equal temperature changes in the two elements may be very good if they are metals
with insulating material, such as air around them. In this case they will essentially be
isothermal items.
This "bimetallic" compensation method can be used for internal mirror laser tubes
where the last two terms in the equation are zero, or for the case when the air path temper-
ature and the Brewster angle window temperature are externally controlled.
8.6 ATMOSPHERIC PRESSURE VARIATION EFFECTS
Another somewhat related problem is frequency drift due to atmospheric pressure
variations. The air path is the only portion affected, and the equation for such drifts is
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8.6 (Continued)
3(_--_f) 5p 2L a 3n
_ a
_P L _p
(8-13)
The value of this equation for the assumed conditions for Table 8.5 with _n /_p = 3.56
, a
x 10-7/mm- Hg is
_(_f) = 4.27x 10-8/mmHg
_P
(8-14)
In the worst climates, monthly variations in pressures exceeding 40 mm Hg are extremely
42
rare.
So
5(_-_-f ) P = 1.7 x 10 -6 (8-15)
max
The automatic length control system must have at least this range if pressure effects
are to be compensated for.
As for the air path term in the thermal drift equation, this effect can be eliminated by
using internal mirror laser tubes or evacuating the air path. The effect can also be greatly
reduced by using a helium-filled path.
8.7 SUMMARY
To design a CO 2 laser with frequency stability of one part in i0 I0, the problems of
acoustic and mechanical vibration noise and thermal frequency drifts must be carefully con-
sidered in designing a mechanical structure for the laser.
The structure should be designed so that its resonances fall at high frequencies where
noise input power spectra are low, preferably about 2-3 kHz. The structure must be isolated
from the acoustic noise and mechanical vibration noise environment, but must still maintain
rigid alignment of the laser beam with the base of the instrument. Laminated structures
with a high acoustic mismatch between layers appears to be a good approach. If possible,
modulators used within the laser structure should be electro-optic in nature.
* Derived from Barrell, H. and I.E. Sears, Phil. Trans.,
Edlen, B., J. Opt. Soc. Am., 43, 339 (May 1963)
A238, 1 (Feb 1934) and
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The range of thermal frequency drifts must be restricted so that an automatic control
system can compensate for the drifts by length adjustment. The range of the thermal drifts
should be limited by external temperature control or by a combination of external tempera-
ture control and thermally compensating elements. The latter approach is the preferred.
Atmospheric pressure changes can produce a sizable frequency drift with lasers utilizing
Brewster angle windows and must be considered in designing the range of the automatic
control system.
Considering the available materials for use in a CO 2 laser structure and the capability
of relatively simple temperature control systems, the source which has the greatest effect,
in magnitude, on the laser frequency drift appears to be atmospheric pressure changes.
The minimum range on the electronic control system appears to be about 10 -6 meters for
a 50-cm long laser. Larger ranges would be desirable.
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Section 9
CONCLUSIONS
The previous sections discuss in detail the many areas which would affect the design of
a frequency stabilized CO2 laser. It has beendetermined that most of the stabilization
schemes used previously on gas lasers are either not suitable for use with the CO2 laser or
would not be able to achieve the desired stability levels. However, a stabilization scheme
which stabilizes the CO2 laser output to anappropriate line in an external CO2 amplifier
appears to offer the best approach. A detailed analysis on the characteristics of this
scheme has led to a design formulation which allows prediction of the minimum stabili-
zation levels which can be achieved by this scheme. Sincemany of the design parameters
of such a system can be left to the discretion of the designer, limitations based ona
knowledgeof "practical" systems have beenimposed in the prediction of the lower stability
limits.
The goal of a frequency stability level of 1 part in 1010canbe reachedusing system
parameters as follows:
a. Servo-loop bandwidth to be 100 Hz or less.
b. Modulation frequency of external modulator to be _ 1 MHz.
c. Frequency modulation index to be greater or equal to unity.
d. The effective single-pass amplifier length is to be _ 1.8 meters.
The above requirements are basedon the use of existing liquid nitrogen cooled, gold-
doped-germanitun detectors, chosenfor highest D* at 10.6 prn.
Unfortunately, the noise characteristics of these detectors limit the system bandwidth
by at least two orders of magnitude over the available liquid helium cooled detectors,
placing a strong burden on the mechanical package design. It is felt, however, that
because of the extreme operational difficulties associated with liquid helium cooled
detectors, every effort should be made to operate with detectors which only need be
cooled with liquid nitrogen. Since the electronic stabilization network will be limited to
frequencies less than 100 Hz, the mechanical package will be required to essentially
eliminate all vibrational influences which occur at frequencies higher than 100 Hz.
Specialized techniques involving multilayered baffling will be necessary, but information
gained from stability measurements on the He-Ne laser indicate that the desired results
can be achieved.
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9. (Continued)
To maintain high sensitivity, the modulation frequency should be chosen as high as the
detector will allow, to a limit of about 20 MHz. The use of an electro-optic type modulator
such as GaAs appears to be most suitable, especially if an extension to greater stability
levels is desired in the future. Although not readily available, these modulators have been
demonstrated to work very well at 10.6 pro.
In order to reduce the noise on the laser beam and increase tube life, r-f excitation
techniques should be used for both the laser tube and the amplifier tube. The laser tube
should be filled to an appropriate pressure utilizing a mixture of CO 2 , N 2 , and He for
maximum output power. The amplifier should also be filled to an appropriate pressure and
gas composition to provide for a maximum single-pass gain. The best operating conditions
for the amplifier have not yet been determined and need to be examined during the course of
the amplifier fabrication. Since heterodyne operation between two such lasers is contem-
plated, the CO 2 amplifiers for both lasers should be made and processed simultaneously.
Unequal internal pressures can result in relatively large differences in output frequency
(a few MHz per torr, typically). Fortunately, the effects of external magnetic fields and
electric fields on the frequency stability of the laser will be negligible.
The cavity length for the laser should be chosen as long as possible, for highest output
power, without running into mechanical resonance problems. A cavity length of about 1/2
meter seems to be a reasonable compromise. This cavity length should allow single-
frequency power output levels on the order of 1/4 to 1/2 watt.
The CO 2 laser is capable of operation on many wavelengths, although only one at a
time; and since heterodyne experiments will be performed with the laser, wavelength control
and selection will be necessary. The technique for choice of a particular line can be
accomplished in many ways, but no one technique appears to be outstanding. Wavelength
control either by internal-cavity, frequency-etalon techniques or by externally activated
search and acquisition techniques seem to be the most applicable. Further tests should be
performed in this area during future portions of the program.
The technique which appears most suitable for higher order mode control utilizes a
diffraction coupled output mirror. This technique allows mode control without restricting
the power output capabilities of the laser.
Standard control-loop techniques can be used in the servo-control system and will not
be a limiting factor in the operation of the system. Loop bandwidths on the order of 5 to
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9. (Continued)
10 kHz are possible and could be utilized if better optical detectors were used. Bandwidths
greater than 10 kHz would require specialized techniques.
It appears that "stretching" the design numbers to their limit and by utilizing the best
available detectors (liquid helium cooled), the external amplifier scheme would be capable
of a frequency stability on the order of 1 part in 1012 .
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Section 10
PLANSFOR THE NEXT PHASE
The next phase (PhaseII) will be concernedwith the design of a frequency-stabilized
CO2 laser. The design will be basedon the findings of the study phaseand the future re-
quirement that two such lasers will be used in laboratory-type heterodyne experiments.
A design packagecomplete with assembly and detailed drawings of mechanical and elec-
trical componentswill be submitted at the conclusion of the phase. A final report on the
work performed during the study and designphasesof this program will be submitted, along
with the designpackage. This report will be the concluding effort on this program.
I0-i
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Appendix A
EVALUATION OF THE FUNCTION K (_)
We have defined the function
CO
K (0t) - 1 e-y 2
~ dy
__ ¢_-jY
In general, this function cannot be evaluated in any simple form. However, the following
expansions do exist.
For large values of 0t one can expand the first term in the integrand in a Taylor series
in powers of y/_ , and then integrate this series term by term. The result is
>>i
It is important to note, however, that this series is only asymptotically convergent. That is,
for any large value of I _ I this series will at first converge as additional terms are included.
If too many terms are taken, however, the factor 1 • 3 • 5 .... (2n - 1) in the
numerator will eventually become larger than the denominator, and the series will begin to
diverge as still more terms are included. Hence, the above expansion must be applied with
care.
Useful series expansions for small _ can be obtained as follows. An integral expression
for dK (_)/d_ can be obtained by differentiating with respect to (x inside the integral for
K (_). An integration by parts on the dK(_)/d_ integral will then yield the differential
equation
dK(_)
d_
2 _ K({_) - 2
A-1
SE SW-G534
A. (Continued)
Let K (C0 = exp (c_ ) L (t_). Then
dt_
- exp(- 2)
Integrating both sides of this, and using the fact that K(o) = L(o) = 11', gives
_ _t 2_(_) = 11'- 2 _- e
O
dt
But, the definition of the error function, erf z, is
Z
-- f -t2
erf z - 2 e dt
,/7-
0
Hence, we obtain
2
K(_) = 11' exp ({_) 1 - erfC_
Abramowitz and Stegun* give the series expansions
(7.1.5) erf
(7.1.6) err
QO
2n+1
E (-1) n_ 2
n£ (2n+1)
n= O
E----2---2exp(-e )
n=o
2n+l
2n _
1 • 3 • • • (2n+1)
*Milton Abramowitz and Irene Stegun, Handbook of Mathematical Functions, Dover
Publications.
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A. (Continued)
By using either of these equations for small values of _, together with the asymptotically
convergent series given abovefor large _, weobtain the asymptotic expressions:
K (_) I
?r-2 _ , _ -.-o
_ co
The small _ approximation is used in Section 4-4 of the text.
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